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Motivation
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QCD at finite temperature: phase transitions

Chiral symmetry mu,d = 0

LQCD = Lquark + Lgauge

invariant under:

U(2)V : ψ → exp(iτsα
s
V )ψ isospin and barionic N◦

U(2)A : ψ → exp(iγ5τsα
s
A)ψ change parity

- SU(2)A spontaneously broken →
pions Goldstone bosons

- Restaured at high temperature
and/or density

- Order parameters: 〈q̄q〉, fπ

Z3 center symmetry mq → ∞

LQCD = Lgauge

invariant under:
SU(3)c : Ωc = eiωa(x)λa → Z3

- Z3 spontaneously broken at high T

Φ(~x) =
1

3
Tr

[

P exp

(

ig

∫

β

0

A0(~x, τ) dτ

)]

〈Φ〉 = e−βF ⇒

- confined quarks: 〈Φ〉 = 0

- deconfined quarks 〈Φ〉 6= 0
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Non-local PNJL + WFR

SE =

∫

d4x

{

ψ̄(x)(−iγµDµ + m̂)− GS
2

[ja(x)ja(x) + jP (x)jP (x)] + U (Φ[A(x)])

}
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Non-local PNJL + WFR

SE =

∫

d4x

{

ψ̄(x)(−iγµDµ + m̂)− GS
2

[ja(x)ja(x) + jP (x)jP (x)] + U (Φ[A(x)])

}

ja(x) =

∫

d
4
z G(z)ψ̄

(

x +
z

2

)

Γaψ

(

x−
z

2

)

jP (x) =

∫

d
4
zF(z)ψ̄

(

x +
z

2

)

i
←→
6∂

2κp
ψ

(

x−
z

2

)

Γa = (1, iγ5~τ), and u(x
′
)
←→
∂ v(x) = u(x

′
)∂xv(x)− ∂xu(x

′
)v(x)
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Non-local PNJL + WFR

SE =

∫

d4x

{

ψ̄(x)(−iγµDµ + m̂)− GS
2

[ja(x)ja(x) + jP (x)jP (x)] + U (Φ[A(x)])

}

ja(x) =

∫

d
4
z G(z)ψ̄

(

x +
z

2

)

Γaψ

(

x−
z

2

)

jP (x) =

∫

d
4
zF(z)ψ̄

(

x +
z

2

)

i
←→
6∂

2κp
ψ

(

x−
z

2

)

Γa = (1, iγ5~τ), and u(x
′
)
←→
∂ v(x) = u(x

′
)∂xv(x)− ∂xu(x

′
)v(x)

Constant background color field: φ = iA0 = ig δµ0 G
µ
a λ

a
/2 Minimal coupling: Dµ = ∂µ − iAµ
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Non-local PNJL + WFR

SE =

∫

d4x

{

ψ̄(x)(−iγµDµ + m̂)− GS
2

[ja(x)ja(x) + jP (x)jP (x)] + U (Φ[A(x)])

}

ja(x) =

∫

d
4
z G(z)ψ̄

(

x +
z

2

)

Γaψ

(

x−
z

2

)

jP (x) =

∫

d
4
zF(z)ψ̄

(

x +
z

2

)

i
←→
6∂

2κp
ψ

(

x−
z

2

)

Γa = (1, iγ5~τ), and u(x
′
)
←→
∂ v(x) = u(x

′
)∂xv(x)− ∂xu(x

′
)v(x)

Constant background color field: φ = iA0 = ig δµ0 G
µ
a λ

a
/2 Minimal coupling: Dµ = ∂µ − iAµ

Bosonization: physical degrees of freedom at low energy σ1,2, π

σ1(x) = σ̄1 + δσ1

σ2(x) = κpσ̄2 + δσ2

~π(x) = δ~π(x)

Sbos = SMFA + Squad + . . .
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Parameterizations

- Exponential form factors

g(p) = exp(−p
2
/Λ

2

0
)

f(p) = exp(−p
2
/Λ

2

1
)

without WFR (Set A), and with WFR (Set B).
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Parameterizations

- Exponential form factors

g(p) = exp(−p
2
/Λ

2

0
)

f(p) = exp(−p
2
/Λ

2

1
)

without WFR (Set A), and with WFR (Set B).

- LQCD inspired form factors

g(p) =
1 + αz

1 + αzfz(p)
fz(p)

f(p) =
1 + αz

1 + αzfz(p)

αmfm(p) −mcαzfz(p)

αm −mcαz

fm(p) =
[

1 + (p
2
/Λ

2

0
)
3/2

]

−1

fz(p) =
[

1 + (p
2
/Λ

2

1
)
]

−5/2

(Set C)
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Parameterizations

- Exponential form factors

g(p) = exp(−p
2
/Λ

2

0
)

f(p) = exp(−p
2
/Λ

2

1
)

without WFR (Set A), and with WFR (Set B).

- LQCD inspired form factors

g(p) =
1 + αz

1 + αzfz(p)
fz(p)

f(p) =
1 + αz

1 + αzfz(p)

αmfm(p) −mcαzfz(p)

αm −mcαz

fm(p) =
[

1 + (p
2
/Λ

2

0
)
3/2

]

−1

fz(p) =
[

1 + (p
2
/Λ

2

1
)
]

−5/2

(Set C)

Set A Set B Set C
mc MeV 5.78 5.70 2.37

GsΛ
2

0
20.65 32.03 20.818

Λ0 MeV 752.2 814.42 850.0
Λ1 MeV . . . 1034.5 1400.
κp GeV . . . 4.180 6.034

S. Noguera, N. N. Scoccola, PRD 78, 114002 (2008)
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Mean field approximation

ΩMFA = −4T

π2

∑

n,c

∫

d~p ln

[

(ρcn,~p)
2 +M2(ρcn,~p)

Z2(ρcn,~p)

]

+
σ2
1 + κ2

pσ
2
2

2GS
+U(Φ,Φ∗, T )
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Mean field approximation

ΩMFA = −4T

π2

∑

n,c

∫

d~p ln

[

(ρcn,~p)
2 +M2(ρcn,~p)

Z2(ρcn,~p)

]

+
σ2
1 + κ2

pσ
2
2

2GS
+U(Φ,Φ∗, T )

Z(p) = (1− σ2f(p))
−1 M(p) = Z(p)(m+ σ1g(p)).
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Mean field approximation

ΩMFA = −4T

π2

∑

n,c

∫

d~p ln

[

(ρcn,~p)
2 +M2(ρcn,~p)

Z2(ρcn,~p)

]

+
σ2
1 + κ2

pσ
2
2

2GS
+U(Φ,Φ∗, T )

Z(p) = (1− σ2f(p))
−1 M(p) = Z(p)(m+ σ1g(p)).

(

ρcn,~p

)2

=
[

(2n+ 1)πT − iµ+ φc
]2

+ ~p 2 ,
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Mean field approximation

ΩMFA = −4T

π2

∑

n,c

∫

d~p ln

[

(ρcn,~p)
2 +M2(ρcn,~p)

Z2(ρcn,~p)

]

+
σ2
1 + κ2

pσ
2
2

2GS
+U(Φ,Φ∗, T )

Z(p) = (1− σ2f(p))
−1 M(p) = Z(p)(m+ σ1g(p)).

(

ρcn,~p

)2

=
[

(2n+ 1)πT − iµ+ φc
]2

+ ~p 2 ,

with φr = φ3 + φ8/
√
3, φg = −φ3 + φ8/

√
3, φb = −2φ8/

√
3
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Mean field approximation

ΩMFA = −4T

π2

∑

n,c

∫

d~p ln

[

(ρcn,~p)
2 +M2(ρcn,~p)

Z2(ρcn,~p)

]

+
σ2
1 + κ2

pσ
2
2

2GS
+U(Φ,Φ∗, T )

Z(p) = (1− σ2f(p))
−1 M(p) = Z(p)(m+ σ1g(p)).

(

ρcn,~p

)2

=
[

(2n+ 1)πT − iµ+ φc
]2

+ ~p 2 ,

with φr = φ3 + φ8/
√
3, φg = −φ3 + φ8/

√
3, φb = −2φ8/

√
3

φ3 and φ8 parameterize the traced PL according to

Φ =
1

3

[

exp

(

− 2i√
3

φ8

T

)

+ 2 exp

(

i√
3

φ8

T

)

cos(φ3/T )

]

.
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Polyakov Loop thermodynamics
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T=350 MeV

T=100 MeV

Φ

U
(Φ
,
T
)/
T

4
U
(Φ
,
T
)/
T

4

UPoly
ULog

Parameters fitted to pure gauge LQCD data (eos and Φ)

LQCD quenched limit: T0 = 270 MeV
T < T0: Φ = 0 confinement

T > T0: Φ 6= 0 deconfinement, Z3 broken

Guinzburg-Landau - Ratti et al., PRD 73, 014019 (2006)

UPoly

T4
= −

b2(T )

2
ΦΦ

∗
−
b3

3
(Φ

3
+Φ

∗3
)+

b4

4
(ΦΦ

∗
)
2

b2(T ) = a0 + a1
T0

T
+ a2(

T0

T
)
2
+ a3(

T0

T
)
3

SU(3)c Haar Measure - Roessner et al., PRD 75, 034007 (2007)

ULog

T4
= −

1

2
a(T )ΦΦ

∗
+ b(T ) ln(1 − 6ΦΦ

∗

−3(ΦΦ
∗
)
2
+ 4(Φ

3
+ Φ

∗3
))

a(T ) = ao+a1(
T0

T
)+a2(

T0

T
)
2

y b(T ) = b3(
T0

T
)
3

V.P. Pagura



⋆

MFA: Gap equations

Ω
MFA
reg = Ω

MFA
E − Ω

free
+Ω

free
reg +Ω0

∂ΩMFA
reg

∂σ1
=

∂ΩMFA
reg

∂σ2
=

∂ΩMFA
reg

∂φ8
=

∂ΩMFA
reg

∂φ8
= 0

order parameters :

〈q̄q〉 = ∂ΩMFA
reg /∂m

|Φ|

susceptibilities :

χch = ∂〈q̄q〉/∂m

χΦ = d|Φ|/dT

V.P. Pagura



⋆

µ = 0: Critical temperature as a function of T0

 140
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 220

180 200 220 240 260
T0 [MeV]

3 2

Set C

T
[M

eV
]

Tch
TΦ 

UPoly: smooth transitions - ∆Tc ≤ 10 MeV

(∼ 40 MeV for local models)
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T [MeV]

T0=180 MeV
T0=208 MeV

T0=270 MeV

2 χch/<qq>0
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µ = 0: Critical temperature as a function of T0
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T
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]

Tch
TΦ 

180 200 220 240 260
T0 [MeV]

3 2 0

Tch=TΦ

UPoly: smooth transitions - ∆Tc ≤ 10 MeV

(∼ 40 MeV for local models)

ULog: rapid transitions

Tch = TΦ for a wide range of T0
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µ = 0: Critical temperature as a function of T0
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UPoly: smooth transitions - ∆Tc ≤ 10 MeV

(∼ 40 MeV for local models)

ULog: rapid transitions
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UPoly: ∆Tc decreases with T0

V.P. Pagura



⋆

µ = 0: Critical temperature as a function of T0
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UPoly: ∆Tc decreases with T0
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µ = 0: Critical temperature as a function of T0
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UPoly: smooth transitions - ∆Tc ≤ 10 MeV

(∼ 40 MeV for local models)

ULog: rapid transitions

Tch = TΦ for a wide range of T0

UPoly: ∆Tc decreases with T0

ULog: Change of character
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µ = 0: Critical temperature as a function of T0
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UPoly: smooth transitions - ∆Tc ≤ 10 MeV

(∼ 40 MeV for local models)

ULog: rapid transitions

Tch = TΦ for a wide range of T0

UPoly: ∆Tc decreases with T0

ULog: Change of character
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µ = 0: Critical temperature as a function of T0
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UPoly: smooth transitions - ∆Tc ≤ 10 MeV

(∼ 40 MeV for local models)

ULog: rapid transitions

Tch = TΦ for a wide range of T0

UPoly: ∆Tc decreases with T0

ULog: Change of character

Set A not realistic
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µ = 0: Critical temperature as a function of T0
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UPoly: smooth transitions - ∆Tc ≤ 10 MeV

(∼ 40 MeV for local models)

ULog: rapid transitions

Tch = TΦ for a wide range of T0

UPoly: ∆Tc decreases with T0

ULog: Change of character

Set A not realistic

# For 2 light flavors, T0 = 208 MeV:

Tch [MeV] Set A Set B Set C LQCD [*]
ULog 178 178 180 173(8)
UPoly 173 171 173 173(8)

[*]F. Karsch and E. Laermann,Quark gluon plasma, ed. Hwa, R.C.

The model favors a crossover-like

transition "
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µ = iθT : Extended Z3 symmetry

- Roberge-Weiss: LQCD periodic
function of θ, 2π/3

- T > TRW : 3 vacua of Z3 - PL phase:
φ, φ+ 2π/3, φ+ 4π/3

- RW 1st order transition at
θ = π/3 mod 2π/3

nlPNJL Z3 extended symmetry

Φ(θ) → Φ(θ) exp(−i 2 k π/3)
Φ∗(θ) → Φ∗(θ) exp(i 2 k π/3)

θ → θ + 2 k π/3

Extended PL: Ψ = eiθΦ, phase ψ: RW

order parameter

Set B T0 = 208 MeV: TRW = 188 MeV

 0

 0.2

 0.4

 0.6

 0.8

|Ψ
|

-0.6

 0

 0.6

ψ

T=240
T=185
T=177
T=165

 0

 200

 400

 600

σ 1
 [M

eV
]

 0

 100

 200

-<
q- q

>
1/

3  [M
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]
-0.044

-0.042

-0.04

-0.038

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2

θ/(π/3)

-<
q- q

>
1/

3  [M
eV

]
Ω

 [G
eV

4 ]
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Phase diagram: imaginary µ

 0

 0.25

 0.5

 0.75

 1

θ=π/6

θ=π/3

<q-q>/<q-q>0|Φ|

 0

 0.025

 0.05

 0.075

 0.1

140 160 180 200 220 240

[M
eV

]-1

T [MeV]

θ=π/6

θ=π/3

Set B - T0=208 MeV

χch/<q-q>0χΦ

θ = π/6: Smooth transitions at the

same T

θ = π/3: Beyond the discontinuity

χch has a peak

Deconfinement: change of

character, TΦ

Chiral transition: crossover

for Tch > TΦ
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Phase diagram: imaginary µ

T0 = 270 MeV
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Phase diagram: imaginary µ

T0 = 270 MeV
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T0 = 208 MeV: Sets B,C: θCEP ∼ 0, 7× π/3

0.0 0.5 1.0 1.5 2.0
160

180

200

220

240

0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
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Extended PL

ULog : RW 1st order UPoly: RW 2nd order
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Phase Diagram: real µ
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Phase diagram in the µ2 − T plane
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Conclusions

Real µ

- Chiral restoration and deconfinement transitions are strongly

entangled whenever they occur as a smooth crossover.

- For µ > µCEP we find a first order chiral restoration

transition and a crossover-like deconfinement at a higher value

of T : quarkyonic matter.

- The values of Tc predicted for µ = 0 is in good agreement

with LQCD results for all scenarios considered.

Imaginary µ

- When T0 is set to the corresponding value of T0 for Nf = 2

the deconfinement temperature agrees with LQCD data.

- Also does TRW , being the transition first order there as

predicted by LQCD calculations. The main drawback is that in

this case both transition are disentangled.
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