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Notas de Aula: onde encontra-las?
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Introdução
3

Programa	do	Curso:	
!
Aula	1:	De	Rutherford	ao	LHC:	Desenvolvimento	dos	detectores	ao	longo	da		
história	da	=ísica	das	partículas	elementares.	(2ªf.	17/07)	
!
Aula	2:	Interações	das	partículas	com	a	matéria.	(3ªf.	18/07)	
!
Aula	3:	Detectando	partículas	carregadas	&	neutras.	(5ªf.	20/07)	
!
Aula	4:	Cintiladores:	detectando	partículas	via	luminescência.	(6ªf.	21/07)	
!
Aula	5:	Detectores	de	semicondutores:	medidas	de	alta	precisão.	(2ªf.	24/07)	
!
Aula	6:	Detectores	de	gás:	medindo	partículas	em	grandes	volumes.	(3ªf.	25/07)	
!
Aula	7:	Calorímetros:	eletromagnéticos	&	hadrônicos.	(5ªf.	27/07)	
		
Aula	8:	Exemplos	de	aplicações	dos	detectores	em	várias	áreas.	(6ªf.	28/07)
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Aula 2  
!

Interações das partículas com a matéria
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Princípio para detecção de partículas

Para se detectar uma partícula:

Partículas carregadas Ionização, Bremsstrahlung, Cherenkov …

7

- ela deve interagir com a matéria
- ela deve transferir energia de modo que seja reconhecível

ou seja

a detecção de partículas ocorre através da perda de 
energia das partículas ao atravessarem o material

Possibilidades:

Hádrons Interações nucleares
Fótons Efeito Compton, produção de pares
Neutrinos Interações fracas
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Interações de partículas - exemplos
8

Ionização

Particle Interactions – Examples

Charged 
Particle

Electron

Ionization:

γ

Pair 
production:

x

γ

Electron

Positron

Charged 
Particle

Atom

Electron

Photon

Electron

Positron

Nucleus

Nucleus

Compton 
scattering:

γ γ

Electron Electron

Photon

Photon

Electron

Produção 
de pares

Espalhamento 
Compton
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Perda de energia - Gráfico para Múons
9

Energy Loss – Summary Plot for Muons
4 27. Passage of particles through matter
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Fig. 27.1: Stopping power (= ⟨−dE/dx⟩) for positive muons in copper as a
function of βγ = p/Mc over nine orders of magnitude in momentum (12 orders
of magnitude in kinetic energy). Solid curves indicate the total stopping power.
Data below the break at βγ ≈ 0.1 are taken from ICRU 49 [4], and data
at higher energies are from Ref. 5. Vertical bands indicate boundaries between
different approximations discussed in the text. The short dotted lines labeled
“µ− ” illustrate the “Barkas effect,” the dependence of stopping power on projectile
charge at very low energies [6].

27.2.2. Stopping power at intermediate energies :
The mean rate of energy loss by moderately relativistic charged heavy particles,

M1/δx, is well-described by the “Bethe-Bloch” equation,

−
〈

dE

dx

〉
= Kz2Z

A

1
β2

[
1
2

ln
2mec2β2γ2Tmax

I2
− β2 − δ(βγ)

2

]
. (27.3)

It describes the mean rate of energy loss in the region 0.1 <∼ βγ <∼ 1000 for
intermediate-Z materials with an accuracy of a few %. At the lower limit the
projectile velocity becomes comparable to atomic electron “velocities” (Sec. 27.2.3),

February 2, 2010 15:55
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Perda de energia por Ionização - dE/dx
Particle Interactions – Examples

Charged 
Particle

Electron

Ionization:

γ

Pair 
production:

x

γ

Electron

Positron

Charged 
Particle

Atom

Electron

Photon

Electron

Positron

Nucleus

Nucleus

Compton 
scattering:

γ γ

Electron Electron

Photon

Photon

Electron

Vamos assumir: Mc2 ≫mec2

i.e. perda de energia por 
partículas “pesadas” !
(dE/dx para elétrons é mais “complicado”…)

Interação dominada por 
colisões elásticas com elétrons

Energy Loss by Ionization – dE/dx

For now assume:    Mc2 ≫ mec2

i.e. energy loss for heavy charged particles
[dE/dx for electrons more difficult ...] 

Charged 
Particle

Electron

γ

Interaction dominated
by elastic collisions with electrons ...

4 27. Passage of particles through matter
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Fig. 27.1: Stopping power (= ⟨−dE/dx⟩) for positive muons in copper as a
function of βγ = p/Mc over nine orders of magnitude in momentum (12 orders
of magnitude in kinetic energy). Solid curves indicate the total stopping power.
Data below the break at βγ ≈ 0.1 are taken from ICRU 49 [4], and data
at higher energies are from Ref. 5. Vertical bands indicate boundaries between
different approximations discussed in the text. The short dotted lines labeled
“µ− ” illustrate the “Barkas effect,” the dependence of stopping power on projectile
charge at very low energies [6].

27.2.2. Stopping power at intermediate energies :
The mean rate of energy loss by moderately relativistic charged heavy particles,

M1/δx, is well-described by the “Bethe-Bloch” equation,

−
〈

dE

dx

〉
= Kz2Z

A

1
β2

[
1
2

ln
2mec2β2γ2Tmax

I2
− β2 − δ(βγ)

2

]
. (27.3)

It describes the mean rate of energy loss in the region 0.1 <∼ βγ <∼ 1000 for
intermediate-Z materials with an accuracy of a few %. At the lower limit the
projectile velocity becomes comparable to atomic electron “velocities” (Sec. 27.2.3),

February 2, 2010 15:55

Bethe-Bloch Formula

∝ 1/β2 ⋅ ln (const⋅β2γ2) 

Equação Bethe-Bloch
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Equação Bethe-BlochBethe-Bloch Formula

4 27. Passage of particles through matter
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Fig. 27.1: Stopping power (= ⟨−dE/dx⟩) for positive muons in copper as a
function of βγ = p/Mc over nine orders of magnitude in momentum (12 orders
of magnitude in kinetic energy). Solid curves indicate the total stopping power.
Data below the break at βγ ≈ 0.1 are taken from ICRU 49 [4], and data
at higher energies are from Ref. 5. Vertical bands indicate boundaries between
different approximations discussed in the text. The short dotted lines labeled
“µ− ” illustrate the “Barkas effect,” the dependence of stopping power on projectile
charge at very low energies [6].

27.2.2. Stopping power at intermediate energies :
The mean rate of energy loss by moderately relativistic charged heavy particles,

M1/δx, is well-described by the “Bethe-Bloch” equation,

−
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dE
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〉
= Kz2Z

A
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[
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2

ln
2mec2β2γ2Tmax

I2
− β2 − δ(βγ)

2

]
. (27.3)

It describes the mean rate of energy loss in the region 0.1 <∼ βγ <∼ 1000 for
intermediate-Z materials with an accuracy of a few %. At the lower limit the
projectile velocity becomes comparable to atomic electron “velocities” (Sec. 27.2.3),
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[see e.g. PDG 2010]

K  = 4π NA re
2

 me c2 = 0.307 MeV g-1 cm2 NA = 6.022⋅1023

[Avogardo's number]

re = e2/4πε0 mec2 = 2.8 fm
[Classical electron radius]

me= 511 keV
[Electron mass]

β = v/c
[Velocity]

γ = (1-β2)-2

[Lorentz factor]

z	 :	 Charge of incident particle
M	 :	 Mass of incident particle

Tmax = 2mec2β2γ2/(1 + 2γ me/M + (me/M)2)
[Max. energy transfer in single collision]

Z	 :	 Charge number of medium
A	 :	 Atomic mass of medium

 I	 :	 Mean excitation energy of medium
δ : Density correction [transv. extension of electric field]

Validity:

 .05 < βγ < 500
   M > mμ

[⋅ρ]

density
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Perda de energia de píons em CuEnergy Loss of Pions in Cu

Abbildung 2.2: Energieverlust in Kupfer. Gezeigt wird der Einfluß der Schalenkor-
rektur und der Dichteeffektkorrektur. Das Minimum des Energieverlustes liegt bei
βγ ≃ 3...4. Vor dem Minimum verhält sich dE/dx ∝ β−2, nach dem Minimum
steigt dE/dx logarithmisch an und kommt dann in den Sättigungsbereich (Dichte-
effekt). Man beachte: Die auf der Ordinate angegebene Größe ist vielmehr −1

ρ
dE
dx

(nicht −dE
dx ). Quelle: Phys.Rev.D 54:S132, 1996.

• Der fehlende Faktor 2 in der
”
trivialen“ Ableitung kann wie folgt verstanden werden:

Ein kleinerer Grenzwert von Emin vergrößert den Anteil des Energieverlustes von
Fernstößen, sodaß der Energieverlust gemäß Bethe-Bloch erhalten wird.

• Verschiedene Formulierungen (Bohr, Bethe, Bloch) unterscheiden sich in der Parame-
trisierung der Fernstöße, d.h. des Energieverlustes, bei der die Bindung der Elektronen
in den Atomhüllen nicht vernachlässigbar ist.

Mittlere Reichweite R(E)

Die mittlere Reichweite eines Teilchens berechnet man wie folgt:

R(E) =
∫ 0

E

−1

dE/dx
dE, (2.20)

wobei der Energieverlust eine Funktion der Energie selbst ist. Der Hauptteil des Ionisati-
onsverlustes erfolgt bei kleinen Teilchengeschwindigkeiten ( dE

dx ∝ β−2) am Ende der Spur
→ Bragg Peak (siehe Abb. 2.3). Genützt wird die Tatsache, daß der Hauptteil des Energie-
verlustes am Ende der Spur liegt, bei der Krebstherapie mit energetischen Kernen. Durch
geeignete Wahl der Kerngeschwindigkeit (Protonen, leichte Kerne) kann die Energie gezielt
und lokal abgegeben werden.

13

Minimum 
ionizing particles (MIP):   βγ = 3-4

dE/dx falls ~ β-2; kinematic factor
[precise dependence: ~ β-5/3]

dE/dx rises ~ ln (βγ)2; relativistic rise
[rel. extension of transversal E-field]

Saturation at large (βγ) due to
density effect (correction δ)
[polarization of medium]

Units: MeV g-1 cm2

MIP looses ~ 13 MeV/cm
[density of copper: 8.94 g/cm3]

βγ = 3 - 4

 Partículas de ionização mínima 
(MIP): βγ = 3-4

dE/dx decresce ~β-2  - fator 
cinemático (dependência ~β-5/3)

dE/dx cresce ~ln(βγ)2  - fator 
relativístico (extensão da componente 
transversal do campo E)

Saturação para altos valores de 
(βγ) - efeito da densidade 
(correção δ) (polarização do meio)

Unidades: MeV g-1cm2

Perda MIP ~13 MeV/cm
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Um pouco mais sobre a Equação de Bethe-Bloch
13

Abbildung 2.2: Energieverlust in Kupfer. Gezeigt wird der Einfluß der Schalenkor-
rektur und der Dichteeffektkorrektur. Das Minimum des Energieverlustes liegt bei
βγ ≃ 3...4. Vor dem Minimum verhält sich dE/dx ∝ β−2, nach dem Minimum
steigt dE/dx logarithmisch an und kommt dann in den Sättigungsbereich (Dichte-
effekt). Man beachte: Die auf der Ordinate angegebene Größe ist vielmehr −1

ρ
dE
dx

(nicht −dE
dx ). Quelle: Phys.Rev.D 54:S132, 1996.

• Der fehlende Faktor 2 in der
”
trivialen“ Ableitung kann wie folgt verstanden werden:

Ein kleinerer Grenzwert von Emin vergrößert den Anteil des Energieverlustes von
Fernstößen, sodaß der Energieverlust gemäß Bethe-Bloch erhalten wird.

• Verschiedene Formulierungen (Bohr, Bethe, Bloch) unterscheiden sich in der Parame-
trisierung der Fernstöße, d.h. des Energieverlustes, bei der die Bindung der Elektronen
in den Atomhüllen nicht vernachlässigbar ist.

Mittlere Reichweite R(E)

Die mittlere Reichweite eines Teilchens berechnet man wie folgt:

R(E) =
∫ 0

E

−1

dE/dx
dE, (2.20)

wobei der Energieverlust eine Funktion der Energie selbst ist. Der Hauptteil des Ionisati-
onsverlustes erfolgt bei kleinen Teilchengeschwindigkeiten ( dE

dx ∝ β−2) am Ende der Spur
→ Bragg Peak (siehe Abb. 2.3). Genützt wird die Tatsache, daß der Hauptteil des Energie-
verlustes am Ende der Spur liegt, bei der Krebstherapie mit energetischen Kernen. Durch
geeignete Wahl der Kerngeschwindigkeit (Protonen, leichte Kerne) kann die Energie gezielt
und lokal abgegeben werden.
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�p? =
Z

F?dt =
Z

F?
dx

v

Understanding Bethe-Bloch

1/β2-dependence:
Remember:

i.e. slower particles feel electric force of
atomic electron for longer time ...

Relativistic rise for βγ > 4:
High energy particle: transversal electric field increases
due to Lorentz transform; Ey ➙ γEy. Thus interaction cross section increases ...

γ gross

γ = 1

particle
at rest

fast moving
particle

Corrections: 
low energy	 : shell corrections
high energy	 : density corrections

Dependência 1/β2

Partículas que movem mais lentamente pelo meio “sentem” a 
força elétrica dos elétron atômicos por mais tempo

Abbildung 2.2: Energieverlust in Kupfer. Gezeigt wird der Einfluß der Schalenkor-
rektur und der Dichteeffektkorrektur. Das Minimum des Energieverlustes liegt bei
βγ ≃ 3...4. Vor dem Minimum verhält sich dE/dx ∝ β−2, nach dem Minimum
steigt dE/dx logarithmisch an und kommt dann in den Sättigungsbereich (Dichte-
effekt). Man beachte: Die auf der Ordinate angegebene Größe ist vielmehr −1

ρ
dE
dx

(nicht −dE
dx ). Quelle: Phys.Rev.D 54:S132, 1996.

• Der fehlende Faktor 2 in der
”
trivialen“ Ableitung kann wie folgt verstanden werden:

Ein kleinerer Grenzwert von Emin vergrößert den Anteil des Energieverlustes von
Fernstößen, sodaß der Energieverlust gemäß Bethe-Bloch erhalten wird.

• Verschiedene Formulierungen (Bohr, Bethe, Bloch) unterscheiden sich in der Parame-
trisierung der Fernstöße, d.h. des Energieverlustes, bei der die Bindung der Elektronen
in den Atomhüllen nicht vernachlässigbar ist.

Mittlere Reichweite R(E)

Die mittlere Reichweite eines Teilchens berechnet man wie folgt:

R(E) =
∫ 0

E

−1

dE/dx
dE, (2.20)

wobei der Energieverlust eine Funktion der Energie selbst ist. Der Hauptteil des Ionisati-
onsverlustes erfolgt bei kleinen Teilchengeschwindigkeiten ( dE

dx ∝ β−2) am Ende der Spur
→ Bragg Peak (siehe Abb. 2.3). Genützt wird die Tatsache, daß der Hauptteil des Energie-
verlustes am Ende der Spur liegt, bei der Krebstherapie mit energetischen Kernen. Durch
geeignete Wahl der Kerngeschwindigkeit (Protonen, leichte Kerne) kann die Energie gezielt
und lokal abgegeben werden.
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1/β2-dependence:
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i.e. slower particles feel electric force of
atomic electron for longer time ...

Relativistic rise for βγ > 4:
High energy particle: transversal electric field increases
due to Lorentz transform; Ey ➙ γEy. Thus interaction cross section increases ...

γ gross

γ = 1

particle
at rest

fast moving
particle

Corrections: 
low energy	 : shell corrections
high energy	 : density corrections

Aumento relativístico para βγ > 4
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γ gross
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particle
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fast moving
particle

Corrections: 
low energy	 : shell corrections
high energy	 : density corrections

Correções:

‣ baixa energia: correções para efeitos de 
camada eletrônica (velocidade da 
partícula próxima da velocidade orbital - 
possível captura de elétron)

‣ alta energia: correcções para efeitos de 
densidade (polarização). Leva a 
saturação em altas energias.
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Energy Loss of Charged Particles
6 27. Passage of particles through matter
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Figure 27.2: Mean energy loss rate in liquid (bubble chamber) hydrogen,
gaseous helium, carbon, aluminum, iron, tin, and lead. Radiative effects,
relevant for muons and pions, are not included. These become significant for
muons in iron for βγ >∼ 1000, and at lower momenta for muons in higher-Z
absorbers. See Fig. 27.21.

as a function of βγ = p/Mc is shown for a variety of materials in Fig. 27.4.
The mass scaling of dE/dx and range is valid for the electronic losses described

by the Bethe-Bloch equation, but not for radiative losses, relevant only for muons
and pions.

For a particle with mass M and momentum Mβγc, Tmax is given by

Tmax =
2mec2 β2γ2

1 + 2γme/M + (me/M)2
. (27.4)

In older references [2,7] the “low-energy” approximation

February 2, 2010 15:55

Dependence on

Mass A
Charge Z
of target nucleus

Minimum ionization:

ca. 1 - 2 MeV/g cm-2

[H2: 4 MeV/g cm-2]

Perda de energia - partículas carregadas

Depende de:

Massa Atômica (A)
Número Atômico (Z)

dos núcleos do meio onde 
as partículas incidem
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Perda de energia - partículas de baixa energia
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Energy loss at small momenta 

21 

Kaon 

Pion 

Pion 

Pion Discovery of muon and pion 

Cosmis rays: dE/dx α Z2 

Large energy loss 
$ Slow particle 

Small energy loss 
$ Fast particle 

Small energy loss 
$ Fast Particle 

Raios cósmicos: dE/dx ∝ Z2
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Poder de parada no ponto de ionização mínima
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Stopping Power at Minimum Ionization
27. Passage of particles through matter 7
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H2 liquid: 3.97

2.35 – 0.28 ln(Z)

Figure 27.3: Stopping power at minimum ionization for the chemical
elements. The straight line is fitted for Z > 6. A simple functional
dependence on Z is not to be expected, since ⟨−dE/dx⟩ also depends on
other variables.

Tmax = 2mec2 β2γ2, valid for 2γme/M ≪ 1, is often implicit. For a pion in copper,
the error thus introduced into dE/dx is greater than 6% at 100 GeV.

At energies of order 100 GeV, the maximum 4-momentum transfer to the
electron can exceed 1 GeV/c, where hadronic structure effects significantly modify
the cross sections. This problem has been investigated by J.D. Jackson [8], who
concluded that for hadrons (but not for large nuclei) corrections to dE/dx are
negligible below energies where radiative effects dominate. While the cross section
for rare hard collisions is modified, the average stopping power, dominated by
many softer collisions, is almost unchanged.

“The determination of the mean excitation energy is the principal non-trivial
task in the evaluation of the Bethe stopping-power formula” [9]. Recommended
values have varied substantially with time. Estimates based on experimental
stopping-power measurements for protons, deuterons, and alpha particles and on
oscillator-strength distributions and dielectric-response functions were given in
ICRU 49 [4]. See also ICRU 37 [10]. These values, shown in Fig. 27.5, have since
been widely used. Machine-readable versions can also be found [11]. These values
are widely used.

February 2, 2010 15:55

Stopping power at minimum ionization for the chemical elements. The straight line is fitted for Z > 6. 
A simple functional dependence on Z is not to be expected, since <−dE/dx> also depends on other variables.

P
D

G
 2

0
1

0

Poder de parada no ponto de ionização mínima para vários elementos químicos. O fit da reta assume 
Z>6. Uma função linear em Z não é esperada tendo em vista que há dependência de outras variáveis.
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dE/dx Fluctuations – Landau Distribution27. Passage of particles through matter 13
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Figure 27.6: Bethe-Bloch dE/dx, two examples of restricted energy loss, and
the Landau most probable energy per unit thickness in silicon. The change
of ∆p/x with thickness x illustrates its a ln x + b dependence. Minimum
ionization (dE/dx|min) is 1.664 MeV g−1 cm2. Radiative losses are excluded.
The incident particles are muons.

The Landau distribution fails to describe energy loss in thin absorbers such as
gas TPC cells [1] and Si detectors [26], as shown clearly in Fig. 1 of Ref. 1 for
an argon-filled TPC cell. Also see Talman [27]. While ∆p/x may be calculated
adequately with Eq. (27.10), the distributions are significantly wider than the
Landau width w = 4ξ [Ref. 26, Fig. 15]. Examples for thin silicon detectors are
shown in Fig. 27.7.

27.2.8. Energy loss in mixtures and compounds : A mixture or compound can
be thought of as made up of thin layers of pure elements in the right proportion
(Bragg additivity). In this case,

dE

dx
=

∑
wj

dE

dx

∣∣∣∣
j

, (27.12)

where dE/dx|j is the mean rate of energy loss (in MeV g cm−2) in the jth element.
Eq. (27.3) can be inserted into Eq. (27.12) to find expressions for ⟨Z/A⟩, ⟨I ⟩,
and ⟨δ⟩; for example, ⟨Z/A⟩ =

∑
wjZj/Aj =

∑
njZj/

∑
njAj . However, ⟨I ⟩ as

defined this way is an underestimate, because in a compound electrons are more
tightly bound than in the free elements, and ⟨δ⟩ as calculated this way has little
relevance, because it is the electron density that matters. If possible, one uses the
tables given in Refs. 20 and 28, which include effective excitation energies and in-
terpolation coefficients for calculating the density effect correction for the chemical
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Bethe-Bloch dE/dx, two examples of restricted energy loss, and the Landau most probable energy per unit 
thickness in silicon. The change of Δp/x with thickness x illustrates its a ln x + b dependence. Minimum ionization 

(dE/dx|min) is 1.664 MeV g−1 cm2. Radiative losses are excluded. The incident particles are muons.
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Equação de Bethe-Bloch descreve o valor médio 
da perda de energia

Quando uma partícula carregada atravessa um 
material de espessura x, a distribuição de energia 
de δ-elétrons e as flutuações de seu número 
produzem flutuações na perda de energia ∆E

A perda de energia em uma camada de material 
segue uma distribuição de Landau
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Figure 27.7: Straggling functions in silicon for 500 MeV pions, normalized
to unity at the most probable value δp/x. The width w is the full width at
half maximum.

elements and nearly 200 mixtures and compounds. If a compound or mixture is
not found, then one uses the recipe for δ given in Ref. 21 (repeated in Ref. 5), and
calculates ⟨I⟩ according to the discussion in Ref. 9. (Note the “13%” rule!)

27.2.9. Ionization yields : Physicists frequently relate total energy loss to the
number of ion pairs produced near the particle’s track. This relation becomes
complicated for relativistic particles due to the wandering of energetic knock-on
electrons whose ranges exceed the dimensions of the fiducial volume. For a
qualitative appraisal of the nonlocality of energy deposition in various media by
such modestly energetic knock-on electrons, see Ref. 29. The mean local energy
dissipation per local ion pair produced, W , while essentially constant for relativistic
particles, increases at slow particle speeds [30]. For gases, W can be surprisingly
sensitive to trace amounts of various contaminants [30]. Furthermore, ionization
yields in practical cases may be greatly influenced by such factors as subsequent
recombination [31].

February 2, 2010 15:55

N
o
rm

a
liz

e
d
 

E
n
e
rg

y 
lo

ss
 p

ro
b

a
b

ili
ty

Energy loss

Approximation:

ξ: material constant

P
D

G
 2

0
1

0

for full form
see e.g. Leo

Thicknesses x

http://cern.ch/amoraes


Dr Arthur Moraes (CBPF) A Física dos Detectores de Partículas - Aula 2 Rio de Janeiro, 18 de Julho de 2017.

ht
tp

:/
/c

er
n.

ch
/a

m
or

ae
s

alguns números…
18

Ionização mínima: 1 - 2 MeV/g cm-2

exemplo 1: material com ρ = 1 g/cm3!
!! !     dE/dx = 1 - 2 MeV/cm

exemplo 2: ferro com espessura de 100 cm !
!! !     ρ = 7,87 g/cm3!
!! !     MIP: 1,4 MeV/g cm-2!
!! !     dE ≈ 1,4 MeV g-1 cm2 * 100cm * 7,87 g cm-3 = 1102 MeV

Múon de 1 GeV pode atravessar um bloco de 1m de Fe 
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dE/dx e identificação de partículas
19

Perda de energia depende do momento das partículas p=mcβγ que depende da massa da partícula

Medindo-se o momento das partículas e a perda de energia, deduz-se a massa da partícula e pode-se 
fazer a identificação das partículas.

� XQLYHUVDO�FXUYH�DV�IXQFWLRQ�RI�EJ VSOLWV�XS�IRU�GLIIHUHQW�SDUWLFOH�PDVVHV��
LI�WDNHQ�DV�IXQFWLRQ�RI�HQHUJ\�RU�PRPHQWXP�
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Perda de energia depende do momento das partículas p=mcβγ que depende da massa da partícula

Medindo-se o momento das partículas e a perda de energia, deduz-se a massa da partícula e pode-se 
fazer a identificação das partículas.
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dE/dx and Particle Identification
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[ALICE TPC, 2009]

Remember:
dE/dx depends on β!

Perda de energia depende do momento das partículas p=mcβγ que depende da massa da partícula

Medindo-se o momento das partículas e a perda de energia, deduz-se a massa da partícula e pode-se 
fazer a identificação das partículas.
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ALICE: Time Projection Chamber (TPC)
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The ALICE TPC
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Particle tracks
in the ALICE TPC

Simulation

The ALICE TPC
ALICE: Time Projection Chamber (TPC)
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Energy Loss at Small Energies
4 27. Passage of particles through matter
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Fig. 27.1: Stopping power (= ⟨−dE/dx⟩) for positive muons in copper as a
function of βγ = p/Mc over nine orders of magnitude in momentum (12 orders
of magnitude in kinetic energy). Solid curves indicate the total stopping power.
Data below the break at βγ ≈ 0.1 are taken from ICRU 49 [4], and data
at higher energies are from Ref. 5. Vertical bands indicate boundaries between
different approximations discussed in the text. The short dotted lines labeled
“µ− ” illustrate the “Barkas effect,” the dependence of stopping power on projectile
charge at very low energies [6].

27.2.2. Stopping power at intermediate energies :
The mean rate of energy loss by moderately relativistic charged heavy particles,

M1/δx, is well-described by the “Bethe-Bloch” equation,

−
〈

dE

dx

〉
= Kz2Z

A

1
β2

[
1
2

ln
2mec2β2γ2Tmax

I2
− β2 − δ(βγ)

2

]
. (27.3)

It describes the mean rate of energy loss in the region 0.1 <∼ βγ <∼ 1000 for
intermediate-Z materials with an accuracy of a few %. At the lower limit the
projectile velocity becomes comparable to atomic electron “velocities” (Sec. 27.2.3),
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Muon momentum

βγ

Minimum 
ionization

~ 1/β2

Shell corrections
to correct for atomic binding

Higher order corrections
relevant only at low energies

Bloch corrections (higher orders)

Barkas correction (pos. vs. neg. charge)

With these corrections 

BB yields 1% accuracy
down to βγ =0.05.

For βγ < 0.05 there are only 
phenomenological fitting formulae available.

Perda de energia aumenta para 
baixos valores de βγ (menores do 
que MIP)

correção para efeito de camada eletrônica 
(correção para ligação atômica)

correção para efeito fenomenológicos (energias 
correspondentes a βγ < 0.05 )

Correções de Bloch (efeitos de altas ordens)

Correções de Barkas (cargas positivas vs. 
negativas)

http://cern.ch/amoraes


Dr Arthur Moraes (CBPF) A Física dos Detectores de Partículas - Aula 2 Rio de Janeiro, 18 de Julho de 2017.

ht
tp

:/
/c

er
n.

ch
/a

m
or

ae
s

Distância média percorrida pelas partículas
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R =
Z 0

E

dE

dE/dx

Mean Particle Range 

Integrate over energy loss
from E down to 0

8 27. Passage of particles through matter
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Figure 27.4: Range of heavy charged particles in liquid (bubble chamber)
hydrogen, helium gas, carbon, iron, and lead. For example: For a K+ whose
momentum is 700 MeV/c, βγ = 1.42. For lead we read R/M ≈ 396, and so
the range is 195 g cm−2.

27.2.3. Energy loss at low energies : Shell corrections C/Z must be included
in the square brackets of of Eq. (27.3) [4,10,12,13] to correct for atomic binding
having been neglected in calculating some of the contributions to Eq. (27.3). The
Barkas form [13] was used in generating Fig. 27.1. For copper it contributes about
1% at βγ = 0.3 (kinetic energy 6 MeV for a pion), and the correction decreases
very rapidly with increasing energy.
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Target: lead with ρ = 11.34 g/cm3

R/M = 200 g cm-2 GeV-1

➙ R = 200/11.34/1 cm ~ 20 cm
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Integrate over energy loss
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8 27. Passage of particles through matter
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27.2.3. Energy loss at low energies : Shell corrections C/Z must be included
in the square brackets of of Eq. (27.3) [4,10,12,13] to correct for atomic binding
having been neglected in calculating some of the contributions to Eq. (27.3). The
Barkas form [13] was used in generating Fig. 27.1. For copper it contributes about
1% at βγ = 0.3 (kinetic energy 6 MeV for a pion), and the correction decreases
very rapidly with increasing energy.
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Example:

Proton with p = 1 GeV
Target: lead with ρ = 11.34 g/cm3

R/M = 200 g cm-2 GeV-1

➙ R = 200/11.34/1 cm ~ 20 cm

P
D

G
 2

0
1

0

(integral da energia perdida de E a 0)

exemplo: Próton de p=1 GeV!
                  alvo de Pb com ρ = 11,34 g/cm3!
!! !   R/M =   200 g cm-2 GeV-1 (do gráfico)!
!! !   R =   200/11,34/1 cm ~ 20 cm
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Fig. 1. Comparison of the depth-dose distribution of photons
(conventionally used) and carbon ions. With photons the dose
decreases exponentially with increasing depth, i.e. the dose in the
target volume of deep-seated tumors is smaller than the dose
delivered to the healthy tissue around. Carbon ions dispose of an
inverse dose pro"le, i.e. the dose increases with increasing pen-
etration depth. This pro"le can be shifted by energy variation
over the target volume, leading to a much higher dose depos-
ition inside the tumor than outside in the healthy tissue.

cancer incidents every year in Germany can be
cured in the long run. These patients predomi-
nantly have a single solid tumor in the beginning
that could be removed through surgery or sterilized
through high radiation doses. However, also in this
group of patients almost 20% cannot be cured
permanently with conventional therapy because the
tumor can neither be removed completely nor be
radiated with a su$ciently high dose. In principle, it
is possible to sterilize any tissue in the body if a su$-
cient radiation dose can be applied. In the radi-
ological practice the maximum dose is always
limited by the tolerance of the healthy tissue around.

Therefore, it has always been the goal through-
out the 100 years of radiation therapy to increase
the precision of the irradiation in order the concen-
trate the dose in the target volume and to reduce
the dose in the healthy tissue or distribute this
inevitable dose over a larger tissue area. Using
variable collimators like multi-leaf collimators and
intensity-modulated Bremsstrahlung from linear
electron accelerators, radiation therapy in the last
years has reached a signi"cantly better dose distri-
bution and in consequence improved clinical
results. However, a further increase in precision and
biological action is only possible with the use of
particle beams as was postulated by Wilson [1] in
1946. Yet, ion beam therapy got started rather
slowly at Berkeley where the "rst patients were
treated with protons in 1954, with helium in 1957
and with heavy ions }mostly neon } in 1975. From
there, ion beam treatment spread all over the world
and until today more than 20 000 patients have
been treated successfully }mostly with protons [2].
Four hundred and thirty patients have been treated
with neon ions at Berkeley and another 400 with
carbon, almost all of them at NIRS; Chiba, Japan.
Harvard University played a pioneering role in the
development of proton therapy, treating nearly
one-third of all patients, while Loma Linda later on
installed the "rst dedicated medical therapy center
where today 1000 patients a year can be treated.

2. The physical basis

At high energies, heavy-charged particles like
carbon ions interact very weakly with the pen-

etrated tissue. Thus, in the beginning the energy
loss is small and the dose is low. At the end of the
particle range the interactions becomes stronger
and the energy loss increases steeply. This en-
hanced interaction has two signi"cant conse-
quences for particle therapy: First, a better dose
pro"le and second the increased relative biological
e$ciency inside the target volume [3].

Compared to photons, particle beams show an
inverse dose pro"le: with increasing penetration
depth the dose increases up to a sharp maximum.
Beyond this so-called Bragg maximum the dose
decreases within a few millimeters to a small value
which consists of nuclear fragments of the carbon
beam. Through energy variation the dose max-
imum can be shifted over the depth of the target
volume. Today, in most of the particle therapies
} predominantly proton therapies } the necessary

2 G. Kraft / Nuclear Instruments and Methods in Physics Research A 454 (2000) 1}10

βγ > 3.5:

βγ < 3.5:

Applications:

Tumor therapy

Possibility to precisely deposit dose 
at well defined depth by Ebeam variation

[see Journal Club]
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Fig. 1. Comparison of the depth-dose distribution of photons
(conventionally used) and carbon ions. With photons the dose
decreases exponentially with increasing depth, i.e. the dose in the
target volume of deep-seated tumors is smaller than the dose
delivered to the healthy tissue around. Carbon ions dispose of an
inverse dose pro"le, i.e. the dose increases with increasing pen-
etration depth. This pro"le can be shifted by energy variation
over the target volume, leading to a much higher dose depos-
ition inside the tumor than outside in the healthy tissue.

cancer incidents every year in Germany can be
cured in the long run. These patients predomi-
nantly have a single solid tumor in the beginning
that could be removed through surgery or sterilized
through high radiation doses. However, also in this
group of patients almost 20% cannot be cured
permanently with conventional therapy because the
tumor can neither be removed completely nor be
radiated with a su$ciently high dose. In principle, it
is possible to sterilize any tissue in the body if a su$-
cient radiation dose can be applied. In the radi-
ological practice the maximum dose is always
limited by the tolerance of the healthy tissue around.

Therefore, it has always been the goal through-
out the 100 years of radiation therapy to increase
the precision of the irradiation in order the concen-
trate the dose in the target volume and to reduce
the dose in the healthy tissue or distribute this
inevitable dose over a larger tissue area. Using
variable collimators like multi-leaf collimators and
intensity-modulated Bremsstrahlung from linear
electron accelerators, radiation therapy in the last
years has reached a signi"cantly better dose distri-
bution and in consequence improved clinical
results. However, a further increase in precision and
biological action is only possible with the use of
particle beams as was postulated by Wilson [1] in
1946. Yet, ion beam therapy got started rather
slowly at Berkeley where the "rst patients were
treated with protons in 1954, with helium in 1957
and with heavy ions }mostly neon } in 1975. From
there, ion beam treatment spread all over the world
and until today more than 20 000 patients have
been treated successfully }mostly with protons [2].
Four hundred and thirty patients have been treated
with neon ions at Berkeley and another 400 with
carbon, almost all of them at NIRS; Chiba, Japan.
Harvard University played a pioneering role in the
development of proton therapy, treating nearly
one-third of all patients, while Loma Linda later on
installed the "rst dedicated medical therapy center
where today 1000 patients a year can be treated.

2. The physical basis

At high energies, heavy-charged particles like
carbon ions interact very weakly with the pen-

etrated tissue. Thus, in the beginning the energy
loss is small and the dose is low. At the end of the
particle range the interactions becomes stronger
and the energy loss increases steeply. This en-
hanced interaction has two signi"cant conse-
quences for particle therapy: First, a better dose
pro"le and second the increased relative biological
e$ciency inside the target volume [3].

Compared to photons, particle beams show an
inverse dose pro"le: with increasing penetration
depth the dose increases up to a sharp maximum.
Beyond this so-called Bragg maximum the dose
decreases within a few millimeters to a small value
which consists of nuclear fragments of the carbon
beam. Through energy variation the dose max-
imum can be shifted over the depth of the target
volume. Today, in most of the particle therapies
} predominantly proton therapies } the necessary

2 G. Kraft / Nuclear Instruments and Methods in Physics Research A 454 (2000) 1}10

βγ > 3.5:

βγ < 3.5:

Applications:

Tumor therapy

Possibility to precisely deposit dose 
at well defined depth by Ebeam variation

[see Journal Club]

Possibilidade de depositar dose em 
profundidade bem definida em 
função da Ebeam

Aplicação em Terapia para 
tratamento de tumor

http://cern.ch/amoraes


Dr Arthur Moraes (CBPF) A Física dos Detectores de Partículas - Aula 2 Rio de Janeiro, 18 de Julho de 2017.

ht
tp

:/
/c

er
n.

ch
/a

m
or

ae
s

Heidlberg Ion-Beam Therapy Centre (HIT)
28

Heidelberg Ion-Beam Therapy Center (HIT)
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30Aplicações em Medicina

Feixes prótons permitem 
maior deposição de energia 
em tumores  em regiões 
internas com menor efeito 
nos tecidos ao redor do 
tumor.

Terapia de tratamento de 
câncer!
!
Feixes de prótons utilizados em tratamento de 
câncer. !
!
Milhares de pacientes já foram beneficiados com 
esses tratamentos (desde 1990).!
!
~ 39 hospitais utilizando essas técnicas.
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Perda de energia: Elétrons

�
⌧

dE

dx

�

el.

= K
Z

A

1
�2


ln

me�2c2⇥2T

2I2
+ F (⇥)

�

Energy Loss of Electrons

Bethe-Bloch formula needs modification
	

	 Incident and target electron have same mass me

	 Scattering of identical, undistinguishable particles

Wmax = ½T

[T: kinetic energy of electron]

Remark: 	different energy loss for electrons and positrons at low energy as
	 positrons are not identical with electrons; different treatment ...

Equação Bethe-Bloch precisa ser modificada para elétrons.

Elétron incidente e alvo tem a mesma massa me

Espalhamento de partículas idênticas, indistinguíveis

Observação: elétrons e pósitrons de baixa energia possuem 
perdas de energia diferentes (tratamento diferente) 
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Perda de energia: Elétrons

Bremsstrahlung

Processo dominante para Ee > 10-30MeV

Bremsstrahlung surge quando partículas são 
aceleradas no campo de Coulomb do núcleo 
atômico
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Bremsstrahlung

Bremsstrahlung arises if particles 
are accelerated in Coulomb field of nucleus
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i.e. energy loss proportional to 1/m2  ➙  main relevance for electrons ...

... or ultra-relativistic muons

Consider electrons:

with

[Radiation length in g/cm2]

After passage of one X0 electron has 
lost all but (1/e)th of its energy

[i.e. 63%]

!"#

!"#$%&' (")* +

$%&'(()*++,-.+/-&'/0'12'(3 ,-.-+./--0

!"#$%& '()) *& +$#,))-$./'0"%
12*344'2"56&#) 7#8'5*89%&6%3:8;7*6$8%;8'5*8#&<6*78%;8'5*8
":4%2:*283"'*27"6

=;;*<'8%#6>82*6*?"#'8;%28*@ "#$8&6'2"A2*6"'7?74'7<8� BC,---8D*EF

;%28*6*<'2%#4G

!

!

!

!

"

!
!

#
$

$%#&'
(
$(

!
"

#
"

!$
%&

'
#(

)*
)"

' �

�

�




�

	
��

��
�

#
$

#
$

$%#&'(

$%#&'(

!!
"

"

!
!

#
+#(

',

,
"

)*
)"

#
"+

'
#(

)*
)"

%'

%'

�

�

�

��

��

2"$7"'7%#86*#)'58H).<3/I

JKL
*A

")
"

,*%"" ��

12-#$34.)).%#3(23("#3$.56.-6("3'#"%-/36"3,.-#$6.'3-/#3,#."3#"#$%&33(23."3#'#7-$("3*#.,36)3$#507#53*&3
.32.7-($3#338-(39:;3(23-/#36"765#"-3#"#$%&<3=

>=?=>>=?=>

$%&'(()*++,-.+/-&'/0'12'(3 ,-.-+./--0

@$6-67.'3!"#$%&

-./01230./$4+%!1$ "
)*
)""

)*
)" *+*+ �

!(,$
-$")

�
�
#
5%6" 70890)1.70)

$

!(,$
.$"
�

�
#
5%6" :21

$!""#$%&'!(&$)*+

,-.)*&(/0.11.2(3

2#&(&2!40.).#5/062

7$)&*!(&$)0.).#5/04$**0$10.4.2(#$)!
890'$-&1&2!(&$)0$10::
#.2$&4 ;'!%<;&)=>
&)-&*(&)5?&*@!A4.0"!#(&24.*0,BC3

+2)0230./$.77010./3.3 )*
)"

)*
)"

)*
)"


�
�



�
	�

�
�



�
	�

�
�



�
	

>=?=>>=?=>

dE

dx

=
E

X0
X0 =

A

4�NA Z2r2
e ln 183

Z
1
3

dE

dx
= 4�NA

Z2

A
r2
e · E ln

183
Z

1
3 E = E0e

�x/X0

Bremsstrahlung

Bremsstrahlung arises if particles 
are accelerated in Coulomb field of nucleus
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i.e. energy loss proportional to 1/m2  ➙  main relevance for electrons ...

... or ultra-relativistic muons

Consider electrons:

with

[Radiation length in g/cm2]

After passage of one X0 electron has 
lost all but (1/e)th of its energy

[i.e. 63%]

Perda de energia é proporcional a 1/m2 (grande relevância para elétrons!)
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Perda de energia: Elétrons

Bremsstrahlung
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Bremsstrahlung

Bremsstrahlung arises if particles 
are accelerated in Coulomb field of nucleus
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i.e. energy loss proportional to 1/m2  ➙  main relevance for electrons ...

... or ultra-relativistic muons

Consider electrons:

with

[Radiation length in g/cm2]

After passage of one X0 electron has 
lost all but (1/e)th of its energy

[i.e. 63%]

Considere elétrons:

Após a passagem de uma unidade X0, o elétron estará 
com uma fração (1/e) de sua energia inicial (~63%)  

http://cern.ch/amoraes


Dr Arthur Moraes (CBPF) A Física dos Detectores de Partículas - Aula 2 Rio de Janeiro, 18 de Julho de 2017.

ht
tp

:/
/c

er
n.

ch
/a

m
or

ae
s

34

Perda de energia: Elétrons

BremsstrahlungBremsstrahlung  

25 

After passage of one X0 
electron has lost all but  
(1/e)th of its energy (63%) 

−
dE
dx Brems

=
E
X0

X0 =
A

4αNAZ
2re
2 ln 183

Z1/3

X0 = radiation length in [g/cm2] 

dE
dx
(Ec )

Brems

=
dE
dx
(Ec )

Ion

Ec = critical energy  

Bremsstrahlung  

25 

After passage of one X0 
electron has lost all but  
(1/e)th of its energy (63%) 

−
dE
dx Brems

=
E
X0

X0 =
A

4αNAZ
2re
2 ln 183

Z1/3

X0 = radiation length in [g/cm2] 

dE
dx
(Ec )

Brems

=
dE
dx
(Ec )

Ion

Ec = critical energy  
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Perda de energia: Elétrons
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Total Energy Loss of Electrons
27. Passage of particles through matter 19

Bremsstrahlung

Lead  (Z = 82)Positrons
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Møller (e−)
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Figure 27.10: Fractional energy loss per radiation length in lead as a
function of electron or positron energy. Electron (positron) scattering is
considered as ionization when the energy loss per collision is below 0.255
MeV, and as Møller (Bhabha) scattering when it is above. Adapted from
Fig. 3.2 from Messel and Crawford, Electron-Photon Shower Distribution
Function Tables for Lead, Copper, and Air Absorbers, Pergamon Press,
1970. Messel and Crawford use X0(Pb) = 5.82 g/cm2, but we have modified
the figures to reflect the value given in the Table of Atomic and Nuclear
Properties of Materials (X0(Pb) = 6.37 g/cm2).

At very high energies and except at the high-energy tip of the bremsstrahlung
spectrum, the cross section can be approximated in the “complete screening case”
as [38]

dσ/dk = (1/k)4αr2
e{(4

3 − 4
3y + y2)[Z2(Lrad − f(Z)) + Z L′

rad]
+ 1

9(1 − y)(Z2 + Z)} ,
(27.26)

where y = k/E is the fraction of the electron’s energy transfered to the radiated
photon. At small y (the “infrared limit”) the term on the second line ranges from
1.7% (low Z) to 2.5% (high Z) of the total. If it is ignored and the first line
simplified with the definition of X0 given in Eq. (27.22), we have

dσ

dk
=

A

X0NAk

(
4
3 − 4

3y + y2
)

. (27.27)

This cross section (times k) is shown by the top curve in Fig. 27.11.
This formula is accurate except in near y = 1, where screening may become

February 2, 2010 15:55

Fractional energy loss per radiation length in lead
as a function of electron or positron energy
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Perda de energia - Gráfico para Múons
37

Energy Loss – Summary Plot for Muons
4 27. Passage of particles through matter
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Bethe-Bloch Radiative

Radiative
effects
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µ+ on Cu
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Radiative
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Fig. 27.1: Stopping power (= ⟨−dE/dx⟩) for positive muons in copper as a
function of βγ = p/Mc over nine orders of magnitude in momentum (12 orders
of magnitude in kinetic energy). Solid curves indicate the total stopping power.
Data below the break at βγ ≈ 0.1 are taken from ICRU 49 [4], and data
at higher energies are from Ref. 5. Vertical bands indicate boundaries between
different approximations discussed in the text. The short dotted lines labeled
“µ− ” illustrate the “Barkas effect,” the dependence of stopping power on projectile
charge at very low energies [6].

27.2.2. Stopping power at intermediate energies :
The mean rate of energy loss by moderately relativistic charged heavy particles,

M1/δx, is well-described by the “Bethe-Bloch” equation,

−
〈

dE

dx

〉
= Kz2Z

A

1
β2

[
1
2

ln
2mec2β2γ2Tmax

I2
− β2 − δ(βγ)

2

]
. (27.3)

It describes the mean rate of energy loss in the region 0.1 <∼ βγ <∼ 1000 for
intermediate-Z materials with an accuracy of a few %. At the lower limit the
projectile velocity becomes comparable to atomic electron “velocities” (Sec. 27.2.3),

February 2, 2010 15:55
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Derivação clássica da equação de Bethe-Bloch

�p? =
Z

F?dt =
Z

F?
dt

dx

dx =
Z

F?
dx

v

�pk : averages to zero

=
Z 1

�1

ze

2

(x2 + b

2)
· b�

x

2 + b

2
· 1
v

dx =
ze

2
b

v


x

b

2
�

x

2 + b

2

�1

�1
=

2ze

2

bv

F? = eE?
Z

E? (2�b) dx = 4�(ze)!
Z

E?dx =
2ze

b
�p? = e

Z
E?

dx

v

=
2ze

2

bv

{

Bethe-Bloch – Classical Derivation2.2 Wechselwirkungen geladener Teilchen mit Materie 31

Abbildung 2.3: Kollision eines schweren geladenen Teilchens mit einem Hüllenelek-
tron im Medium.

Kollision sei das schwere Teilchen wegen der sehr viel größeren Masse (M ≫ me) nur
wenig von seiner ursprünglichen Bahn abgewichen, was einer der wichtigen Gründe
ist, bei diesen Wechselwirkungen zwischen Elektronen und schwereren einfallenden
Teilchen zu unterscheiden.

Es soll nun die vom Elektron gewonnene Energie über den vom schweren Teilchen
übertragenen Kraftstoß I = p bestimmt werden.

I =
∫

F dt = e
∫

E⊥ dt = e
∫

E⊥
dt

dx
dx = e

∫
E⊥

dx

v
(2.16)

wobei aus Symmetriegründen nur die zur Teilchentrajektorie senkrechte Kompo-
nente des elektrischen Feldes E⊥ berücksichtigt werden muss. Zur Berechnung des
Integrals

∫
E⊥ dx verwenden wir den Gauss’schen Satz, angewandt auf einen unend-

lich langen Zylinder entlang der Flugbahn des Teilchens:
∫

E⊥2πb dx = 4πze ⇒
∫

E⊥ dx =
2 z e

b
(2.17)

woraus folgt:

I =
2ze2

bv
(2.18)

und die gewonnene Energie des Elektrons wird dann zu

∆E(b) =
I2

2me
=

2z2e4

mev2b2
(2.19)

Sei nun Ne die Dichte der Elektronen dann wird der Energiverlust des Teilchen in
der Schichtdicke dx zwischen b ud b + db zu:

−dE(b) = ∆E(b)NedV =
4πz2e4

mev2
Ne

db

b
dx (2.20)

wobei dV = 2πb db dx ist. Um den gesamten Energieverlust zu erhalten, kann man
allerdings Gl. 2.20 aus physikalischen Gründen von b = 0 . . . b = ∞ integrieren, für
b = 0 liefert Gl. 2.19 einen unendlichen Beitrag und die Annahme kurzer Wechsel-
wirkungszeiten wird für große b falsch. Die Integration muss demnach innerhalb der
Grenzen bmin und bmax erfolgen, in denen Gl. 2.19 anwendbar ist:

−dE

dx
=

4πz2e4

mev2
Ne ln

(bmax

bmin

)
(2.21)

Bohr 1913

Particle with charge ze and velocity v moves 
through a medium with electron density n.

Electrons considered free and initially at rest.

Momentum transfer:

Interaction of a heavy charged particle  
with an electron of an atom inside medium.

Symmetry!

More elegant with Gauss law:
[infinite cylinder; electron in center]

and then ...
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Derivação clássica da equação de Bethe-Bloch

�E(b) =
�p2

2me

�dE(b) =
�p2

2me
· 2�nb db dx =

4z2e4

2b2v2me
· 2�nb db dx =

4� n z2e4

mev2

db

b
dx

�dE

dx
=

4� n z2e4

m
e

v2

·
Z b

max

b
min

db

b
=

4� n z2e4

m
e

v2

ln
b
min

b
max

=
4� n z2e4

m
e

v2

ln
b
max

b
min

Bethe-Bloch – Classical Derivation

Aus dem Impulsübertrag kann der Energieübertrag auf das Elektron berechnet werden

∆p∥ =
∫ ∞

−∞
F∥dt = ze2

∫ ∞

−∞

vt√
v2t2 + b2

dt = 0 Symmetrie

∆p⊥ =
∫ ∞

−∞
F⊥dt = ze2

∫ ∞

−∞

b√
x2 + b2

dx

v
=

ze2

b2
︸ ︷︷ ︸

eff.F⃗

2b

v︸ ︷︷ ︸
eff. Zeit während der F⃗ wirkt

Der resultierende Energieübertrag bei festem Stoßparameter ist dann

∆E(b) =
∆p2

⊥
2m

=
2 z2e4

b2mv2
.

Diskussion
∆E(b) ∼ 1

m , diese Abhängigkeit rechtfertigt, daß bei der Berechnung der Energieübertrag auf den
Atomkern vernachlässigt wurde.
Bei der Rechnung haben wir angenommen, daß auf das Elektron zwar Energie übertragen wird,
gleichzeitig haben wir in den Ausdrücken für F⃗⊥ jedoch eventuell resultierende Ortsveränderungen
vernachlässigt. Dies ist dann gerechtfertigt, falls die Stoßzeiten τ ≈ b

v klein gegenüber der cha-
rakteristischen Schwingungsdauer 1

ν des ”gebundenen“Elektrons sind. ν ist die charakteristische
Frequenz/Energie des gebundenen Elektrons und damit eine Eigenschaft des Bremsmediums. Man
spricht von der Stoßapproximation (siehe N. Bohr [10]).

(II) Summation bei festem b über alle Elektronen eines Materieblocks

n = Z
Lρ

A
=

Anzahl der e−

V olumen

!!

!!

}!
"!

"#

$%

Die Anzahl der Elektronen im Materiezylindermantel zwischen b und b + db um die Teilchenbahn
ist

Ne = n · 2π · b · db · dx .

Der Energieverlust des geladenen Teilchens beim Durchgang durch die Materieschicht der Dicke
dx ist dann

dE =
2z2e4

b2mv2
2π · b · db · n · dx .

Summation über alle Stoßparameter liefert uns

dE

dx
= 4π

z2e4

mv2
n ℓn

bmax

bmin

bmax < ∞, da das Feld durch die anderen Atome abgeschirmt wird und die Energien der Atome
des Bremsmediums quantisiert sind.

17

Energy transfer onto single electron 
for impact parameter b:

Energy loss per path length dx for
distance between b and b+db in medium with electron density n:

Consider cylindric barrel   ➛   Ne  =  n⋅(2πb)⋅db dx

Cylindric barrel 
with Ne electrons

Diverges for b ➛ 0; integration only 
for relevant range [bmin, bmax]: 

Energy loss!

Bohr 1913 

Bohr 1913
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Derivação clássica da equação de Bethe-Bloch

b
max

=
�v

h⇥
e

i

"
� =

1p
1� �2

#
;

�dE

dx
=

4⌅z2e4

me c2�2
n · ln

me c2�2⇥2

2⌅~ ⇥⇤e⇤

Bethe-Bloch – Classical Derivation
Bohr 1913

Determination of relevant range [bmin, bmax]: 
[Arguments: bmin > λe, i.e. de Broglie wavelength; bmax < ∞ due to screening ...]

Use Heisenberg uncertainty principle or
that electron is located within de Broglie wavelength ...

bmin = ⇥e =
h

p
=

2⇤~
�mev

Interaction time (b/v) must be much shorter than period 
of the electron (γ/νe) to guarantee relevant energy transfer ...

n = NA⋅ρ⋅Z/A !!
 I ~ h <νe>

Electron density:
Effective Ionization potential:      

Deviates by factor 2 
from QM derivation

[adiabatic invariance]
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