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In t r o d u c t i o n : w h a t i s a d iv i s i o n a lg e b r a ?

T h e m o s t f a m il ia r d iv is io n a lg eb ra s a re R, C a n d

H ( i.e . t h e a lg eb ra o f t h e q u a t e rn io n s , sp a n n ed

by t h e id en t it y a n d t h e t h re e P a u li m a t r ic e s) .

T h ey a ll a d m it t h e u n i t e l em en t a n d a n a n t i-

in v o lu t i o n ( t h e c o n ju g a t io n ) s. t .

( a¤) ¤ = a; ( ab) ¤ = b¤a¤

( t h e c o n ju g a t i o n c o r r e sp o n d s t o t h e t r a n sp o s i-

t i o n in t h e m a t r i x r e p resen t a t io n ) .

D e¯ n it io n o f a d i v i s i o n a lg eb ra o v e r R ( s e e [P o r ]) .

It is a ¯ n it e -d im en sio n a l r e a l l in e ar sp a c e X w i t h

a b il i n e a r p ro d u c t X2 ! X s .t .

ab = 0 iff a = 0 _ b = 0 :

A d iv is io n a lg ebra i s n o rm ed i f 9N : X ! R+ s .t .

N : a 7! a¤a 2R+ ; N( ab) = N( a)N( b)

N is t h e n o rm , w h ile R+ d en o t e s t h e n o n -n eg a t iv e

rea l n u m b e r s .
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A d iv is io n a lg ebra i s sa id a lt e rn a t iv e if 8a; b 2 X
b o t h p ro p er t i es b e lo w h o ld

a( ab) = a2 b; ( ab) b = ab2 :

C o m m en t : t h e a lt e rn a t iv it y is a w ea k en in g o f

t h e n o t io n o f a s so c ia t iv it y.

T h e C ay ley a lg eb ra , a l so c a l le d a lg ebra o f o c -

t a v es o r o c t o n io n s a n d d en o t e d by O, i s a n a l-

t e rn a t i ve d iv is io n a lg eb ra o f d im en s io n 8 .

T h e 1 4 -d im en sio n a l e x c ep t i o n a l L ie g r o u p G2 is

it s g ro u p o f a u t o m orp h i sm s .
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S o m e r e s u l t s o n d i v is i o n a lg e b r a s .

i) F ro b en iu s' t h e o rem : a n y a sso c i a t i ve d iv is io n

a lg ebra o ve r R is is o m o rp h ic t o R, C o r H.

i i) H u rw i t z ' t h eo rem : a n y n o rm ed d i v i s i o n a lg e -

b ra o v e r R w it h u n it e lem en t is is o m or p h ic t o

R, C, H o r O.

i i i ) a n y a lt e rn a t iv e d iv is io n a lg eb ra o v e r R is is o -

m o rp h ic t o R, C, H o r O.

iv ) a n y d iv is io n a lg ebra o ve r R h a s d im en s io n 1 ,

2 , 4 o r 8 .

4



C B P F - M O -0 0 2 / 0 1

E x p l ic it c o n s t r u c t i o n o f d i v i s i o n a lg e b r a s

t h ro u g h a pro c ed u re , s e e [P o s ] , k n ow n a s

\ d o u b l i n g o f a n a lg e b r a " .

R! C!H! O! : : :

C o m m en t : t h e s im p les t ex a m p le o f d o u b l in g

c o r r e sp o n d s t o t h e g eo m et r i c a l id e n t i¯ c a t i o n o f

c o m p le x n u m b e r s w i t h p o in t s in t h e rea l p la n e .

L e t a; b; c; d 2X, t h en ( a; b) ; ( c; d) 2X2 .

In X2 w e d e¯ n e t h e p ro d u c t t h ro u g h

(a; b) ( c; d) = ( ad¡ c¤b; bc¤ + da) :

T h e id en t it y 1X2 in X2 i s 1X2 = (1X ; 0 ) .

B y set t i n g IX2 = ( 0 ;1X) , w e c a n w r it e

(a; b) = a1X2 + bIX2 .

T h e c o n ju g a t io n in X2 is in t r o d u c ed t h ro u g h

( a1X2 + bIX2 ) ¤ = a¤1X2 ¡ bIX2 :
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C o m m en t : t h e \ d o u b lin g o f a n a lg ebra " c a n b e

p e r fo rm ed a d li b i t u m . H o w ev e r , e a c h t im e t h a t

a d o u b l in g is p e r fo rm ed so m e p ro p er t i es a re l o s t .

In t h e p a s sa g e f ro m c o m p le x n u m b e r s t o q u a t e r -

n io n s t h e c o m m u t a t iv it y is lo s t .

In t h e p a ssa g e f ro m q u a t e rn io n s t o o c t o n io n s

t h e a s so c i a t i v i t y is l o s t w h il e t h e w ea k er p ro p er t y

o f a lt e rn a t iv it y is p rese r ved .

T h e d o u b l in g o f t h e o c t o n io n s p ro d u c e s a n a l-

g ebra w h ic h i s n o lo n g e r n o rm ed .
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A p p l i c a t i o n s o f t h e d iv i s i o n a lg e b r a s

¤) O c t o n io n s a n d t h e s e v e n - sp h e r e S7 .

S7 i s a c o m p a c t , s im p l y c o n n ec t e d , p a ra l le l i z a b le

m a n i f o l d ( t h e l a s t p ro p er t y m ea n s 9 d n o w h ere

va n i sh in g , l in ea r l y in d ep en d en t v e c t o r ¯ e ld s , w i t h

d t h e d im en s io n a lit y o f t h e m a n i f o l d ) . It c a n b e

ex p res sed a s [C P ]

S7 = fx 2 Ojx¤x = 1g:

T h e rem a in in g c o m p a c t , s im p l y c o n n e c t e d p a r -

a l le l iz a b le m a n if o ld s a re S1 a n d S3 , a s so c ia t ed t o

c o m p le x n u m b er s a n d q u a t ern io n s resp ec t iv e ly.

T h ey a re b o t h g ro u p -m a n if o ld s

S1 » U ( 1 ) ; S3 » SO( 3 ) :

C o m m en t : S7 i s n o t a g ro u p -m a n if o ld d u e t o t h e

n o n -a sso c i a t iv i t y c h a ra c t e r o f t h e o c t o n io n s .
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¤) L o r e n t z g r o u p s a n d d iv i s i o n a lg e b r a s [K T ] .

T h e u n i v er s a l c o ve r in g g ro u p s o f so m e L o ren t z -

g ro u p s a re is o m o rp h ic t o d i v i s i o n a lg eb ra -va lu ed

Sl( 2 ) g ro u p s . T h e fo l lo w in g is o m o rp h ism s h o ld

S0 ( 2 ; 1 ) » Sl( 2 ;R) ;

S0 ( 3 ; 1 ) » Sl( 2 ;C) ; ( [)

S0 ( 5 ; 1 ) » Sl( 2 ;H) : ( ])

( [) p ro v id e s t h e 2 - c o m p o n en t sp in o r d e c o m p o -

si t io n in t h e s t a n d a rd M in k o w sk i s p a c e .

( ]) p ro v id e s a 2 - c o m p o n en t sp in o r d e c o m p o s i-

t i o n in a 6 -d im en sio n a l M in ko w sk i sp a c e .

1 0 -d im en s io n a l su p e r s y m m e t r ic t h eo r ie s a d m it

a n o c t o n io n ic d e s c r i p t io n b a sed o n t h e J o rd a n

a lg ebra re a l i z a t io n o f SO( 9 ; 1 ) in t erm s o f 2 £ 2

h e rm i t ia n m a t r ic es o v e r O.
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F u r t h e r a s s o c i a t i o n s ( s e e [G K ]) :

SO( 8 ) a d m it s a re a l iz a t io n t h ro u g h t h e G2 a u t o -

m o rp h ism s g ro u p o f t h e o c t o n io n s p lu s le f t a n d

r ig h t m u l t i p l ic a t i o n s b y u n it o c t o n io n s xL, xR.

SO( 7 ) a d m it s a r ea l iz a t i o n t h ro u g h t h e G2 a u -

t o m orp h i sm s g ro u p o f t h e o c t o n io n s p lu s le f t

a n d r i g h t m u l t ip l ic a t i o n s by c o n ju g a t e d u n i t o c -

t o n io n s xL, xR = xL
¤.

C o n si st e n c y c h e c k s :

1

2
( 8 ¢ 7 ) = 2 8 () 1 4 + 7 + 7 = 2 8 ;

1

2
( 7 ¢ 6 ) = 2 1 () 1 4 + 7 = 2 1 :
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¤) O c t o n io n s a n d C l i®o r d ¡ - m a t r i c e s [O k u ] .

T h e sev en -d im en s io n a l E u c l id e a n rea l C l i®o rd

a lg ebra C( 0 ; 7 ) is e x pre ssed b y se v en re a l a n t i-

sy m m e t r ic ¡ m a t r i c e s o f s i z e 8 £8 w h i c h c a n b e

c o n s t ru c t e d in t e rm s o f t h e o c t o n io n ic s t r u c t u re

c o n s t a n t s .

¤) D i v is i o n a lg e b r a s a n d e x t e n d e d s u p e r s y m -

m e t r i e s [T o p ] .

T h e s im p le st a sso c ia t io n o f d i v i s i o n a lg ebra s a n d

ex t e n d ed su p er s y m m e t r ie s i s f o r 1D N- ex t e n d ed

S U S Y Q u a n t u m M ec h a n i c a l S y s t em s .

F o r N = 1 ; 2 ; 4 ; 8 t h e su p er s y m m e t r ic a lg eb ra

fQi; Qjg = ±ijH; i; j = 1 ; : : : ; N;

c a n b e rea li z ed t h r o u g h

Q =
@

@µ
+ µ

@

@x
a n d

Qa = ¿aD;

1 0
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w h e re ¿a d en o t es t h e g en e ra t o r s o f t h e c o r r e -

sp o n d in g d iv is io n a lg ebra ( b es id es t h e id en t i t y )

a n d D is t h e su p e r sy m m e t r ic d er i va t iv e

D =
@

@µ
¡ µ @

@x
:

¤) ¡ - m a t r i c e s a n d e x t e n d e d s u p e r s y m m e t r i e s

[P T ] .

T h e i r r ed u c ib le m u lt i p le t s o f r e pre sen t a t i o n o f

t h e 1D N - ex t e n d ed S U S Y a lg ebra a re in o n e - t o -

o n e c o r r e sp o n d en c e w it h t h e re a l - va lu ed C li®o rd

¡ -m a t r ic es o f W ey l t yp e ( i.e . d e c o m p o sa b le in

a n t id i a g o n a l b lo c k fo rm ) .

T h e d im en s io n a li t y D o f t h e C li®ord a lg eb ra c o r -

r esp o n d s t o N , t h e n u m b e r o f e x t e n d ed su p e r -

sy m m e t r ie s .

T h e s iz e d o f t h e C li®ord ¡ -m a t r ic es c o r r e sp o n d s

t o n, t h e n u m b e r o f s t a t e s in t h e i r r ed u c ib le

m u lt ip le t .
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C o m m en t : J u st f o r N = 8 t h ere a re t w o re a liz a -

t i o n s o f t h e N = 8 su p e r sy m m et r y, n a m e ly

i) a m a t r ix r ea l i z a t io n , c o r r e sp o n d in g t o t h e

N = 8 c a se o f t h e a b o v e c la ss i¯ c a t i o n , w h ic h

fu r t h er im p li es n = 1 6 ,

i i) t h e o c t o n io n i c r ea l i z a t io n d is c u s sed a b o ve .

T h is is o f c o u r se n o t a m a t r i x r ea l i z a t i o n s in c e

t h e o c t o n io n s a re n o n -a sso c ia t iv e .

O p en p ro b lem : ¯ n d a c o n n e c t io n b et w een t h e

t w o re a liz a t io n s o f t h e N = 8 su p er s y m m e t r y.
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¤) S t r i n g t h e o r i e s a n d d i v i s i o n a lg e b r a s [O m n ].

A c c o rd in g t o t h e t h eo ry o f g eo m et r i c a l em b ed -

d in g s , t h e m o t io n o f a n E u c l id e a n s t r in g in a

D-d im en s io n a l E u c l id ea n t a rg e t m a n i f o l d is r e -

d u c ed , fo r D = 3 ; 4 ; 6 ; 1 0 , t o t h e L io u v i l l e t h e o ry

o f a s in g l e ¯ eld © t a k in g v a lu e s in a d iv is io n

a lg ebra , a c c o rd in g t o t h e t a b l e

D = 3 () R;

D = 4 () C;

D = 6 () H;

D = 1 0 () O ( ? ) :

C o m m en t : ( ? ) is c o n je c t u re d .

N o t ic e t h a t t h e d im en s io n o f t h e c o r r e sp o n d in g

d iv is io n a lg eb ra is D ¡ 2 , t h e d im en sio n o f t h e

t r a n sv e r se c o o rd in a t es sp a c e.
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¤) F u r t h e r a p p l i c a t i o n s :

- T h e su p er s y m m e t r ic a ± n i z a t i o n 0̂ o f t h e o c -

t o n io n s . A n N = 8 su p e r s ym m e t r ic a l g eb ra o f

M a l c e v t yp e [C R T ].

- D iv is i o n a lg ebra s a n d N = 2 ; 4 ; 8 ex t e n d ed su -

p e r sy m m e t r iz a t i o n s o f t h e K d V h ie ra r c h y [C R T 2 ] .

1 4



C B P F - M O -0 0 2 / 0 1

R e f e r e n c e s

[P o r ] I. P o r t e o u s , T o p o lo g ic a l G eo m et r y, v a n
N o st a n d R h ., L o n d o n , 1 9 6 9 .
[P o s ] M . P o s t n i k o v , L i e G ro u p s a n d L ie A lg e -
b ra s, N a u k a ( E n g . v .) , M o s c ow , 1 9 8 2 .
[C P ] M . C e d e r w a l l a n d C . P r e i t s c h o p f , C o m m .
M a t h . P h ys . 1 6 7 ( 1 9 9 5 ) 3 7 3 .
[K T ] T . K u g o a n d P . T o w n s e n d , N u c l. P h ys .
B 2 2 1 ( 1 9 8 3 ) 3 5 7 .
[G K ] M . G Äu n a y d in a n d S . K e t o v , N u c l. P h ys .
B 4 6 7 ( 1 9 9 6 ) 2 1 5 .
[O k u ] S . O k u b o , J . M a t h . P h y s . 3 2 ( 1 9 9 1 )
1 6 6 9 .
[T o p ] F . T o p p a n , N u c l. P h y s. B ( P ro c . S u p p l .)
1 0 2 & 1 0 3 ( 2 0 0 1 ) 2 7 0 .
[P T ] A . P a s h n e v a n d F . T o p p a n , J . M a t h .
P h y s. 4 2 ( 2 0 0 1 ) 5 2 5 7 .
[O m n ] R . O m n e s , N u c l. P h y s. B 1 4 9 ( 1 9 7 9 )
2 6 9 .
[C R T ] H . L . C a r r i o n , M . R o ja s , F . T o p p a n ,
P h y s. L et t . A ( in p re ss ) , P re pr i n t C B P F -N F -
0 1 1 / 0 1 , h ep - t h / 0 1 0 5 3 1 3 .
[C R T 2 ] H . L . C a r r i o n , M . R o ja s , F . T o p p a n ,
P re p r in t C B P F -N F -0 1 2 / 0 1 , n l in .S I/ 0 1 0 9 0 0 2 .

1 5


