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Einstein’s (Cosmological) Equations
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Pure k-essence models
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Cosmological Equations
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Equation of state
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Lambda forever
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Simple Dark Energy Models

Cosmic Acceleration
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1) A perfect fluid w < —1/3
w = —1/3 cosmic strings
w = —2/3 domain walls
2) Cosmological Constant w = —1
A
3) Chaplygin Gas = _Ea> O

4) Dynamical scalar fields: Quintessence, k-essence,
tachyons, f(R),.......
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A string in three dimensions

7,0 = x(T,0) [1=20.z
x is a transverse coordinate in the light-cone gauge

H = %/[H2 + (0yx)%]do
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Integrability: hodograph transformation
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Introduce the density @) = (0y)

Introduce the velocity 5 i (0-x)
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Braneworld

M = (¥, y4) Induced metric: g, = gy — Q.0

¢ is a scalar field describing the embedding of the brane in the bulk
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Pure k-essence models. One scalar field
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Flat k-essence: cosmological equations
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Dependence on the cosmic time
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The Chaplygin Gas again

p
3~
~~~~~~~ -
§~\
~~~~~
""""""" o /‘//’*”‘ 0
A T

L7 ~-

1L ! Se.,
:

X< 0
.l
L




Solving the FE : the Chaplygin Gas
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Barotropic fluids

1
F(X) = sgn (W— %) (09)°"=2p 0= | - §| (09)*
p=wp= "
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e v = 0 corresponds to the cosmological constant
e v =1 corresponds to stiff matter

e v = 2 corresponds to radiation

e The limits v — +o00 corresponds to dust (p = 0)

e The limit v — % corresponds to empty space



Polynomial interactions: standard case

F(X)ZZCan. co<0, ¢,>20 for n>1.
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A completely soluble model: lessons form the
guartic self-interaction

F = —A+ pu(0p)° + X(0yp)*

F=—-A+pX+2X°



K-essence with a cosmological constant
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K-essence with a cosmological constant
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With the cosmological constant
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Only A<O
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Without the cosmological constant

A=0, u<0, A>0
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Vacuum Cosmological Equations

ds? = dt? — a(t)? (1 dr® 4 r2(d62 + sin? qubQ))
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Spherical de Sitter model
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Flat de Sitter model (Lemaitre, 1924)




Open de Sitter model (de Sitter 1917)
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Mimicking a negative cosmological constant




Phenomenology of a branching point
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Phenomenology of a branching point

A=0, u<0, A>0 F=X-X?

p
The presence of a branching point in the physical region ] B
renders the dynamical behaviour subtler e
The following equations are the starting point: o101
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the final task is to describe ol /
the scale factor a(t) as a function of the cosmic time. NS TR



Phenomenology of a branching point

F=X-X?
A=0, u<0, A>0
Initial conditions at X = 0 (which means a ~ 00). s b
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Phenomenology of a branching point

t(X)




Phenomenology of a branching point

ax)= V2 =3 sy =33
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So what happens at the branching point?
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First scenario

X(t)
a(t)
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First interpretation

When the field gets at the critical point the density reaches a

maximum and the universe cannot shrink anymore. Like in
the elastic collision the sign of the velocity is reverted. The
expansion following the collision keeps decelerating as the
acceleration in this model is always negative.

. The Universe starts at ¢t = —oo with infinite radius and zero velocity. It
is a flat Minkowski spacetime.

. The evolution of the universe makes the radius shrink with a negative and
decreasing velocity a up to t = 0 when the universe hits the branching
point.

. The (unstable) bulged bounce. The branching point acts like a wall and the
universe undergoes an elastic collision where the velocity is reverted and
becomes positive. The universe enters in a phase of decelerated expansion.
At t = At’ the expansion stops and the universe starts again to shrink up
to t = 2At’ where it hits the branching point for a second time.

. At the branching point the velocity is reverted again. The universe enters
in a phase of everlasting decelerated expansion that will drive it back to
Minkowski space at t = oo.

. There is no singularity at ¢ = oo.
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Second interpretation

X0

Creation of
a pair of
universes

Annihilation of
a pair of universes

X(t) aﬁld a(t) are plotted in trompe l’eeil . What is the meaning of such dia-
grams?' They represents the clever solution that the universe gives to apparently
unsolvable problem it has to face when arriving at the branching point: how
could it go from a(X.) = v/3/v/2 to a(1/3) = /3 with a negative velocity and

from a(X.) = —v/3/2%/3 to a(1/3) = 0 with a negative acceleration? Running
backward in time!




Second interpretation

The ramification point in the equation of state is encountered
twice during the time evolution. When the universe gets at
the ramification point the time starts flowing backward till
the universe gets again to the ramification point, when the
usual forward orientation of time is recovered. The
phenomenology is essentially the same as in the previous
conservative description but the inversion of the velocity is
caused by an inversion of the sense of the flow of time,
inversion that is short-lived.

Borrowing from relativistic quantum mechanics ideas it is
tempting to say that a universe pair is annihilated when the
ramification point is first encountered; a pair of universes is
created when the ramification point is encountered a second
time.

There is only one possible difference. Since the time runs
backward the instability due to the negative squared velocity
of sound needs to be reconsidered.

Creation of
a pair of
universes

Annihilation of
a pair of universe




General models (non pure)

F(p,0¢) = M) (09)” + u(e)(0p)*.
F(p,0¢) = M) (0p)” £ (0p)*.




General models (non pure)
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