


Cosmological Gravitational Particle Production (CGPP)
• In Minkowskian QFT, a particle is an IR of the Poincaré group.
• But, expanding universe not Poincaré invariant.
• Notion of a “particle” is approximate.

Schrodinger (1939);   Parker (1965, 68);   Fulling, Ford, & Hu;  
Zel’dovich;   Starobinski;  Grib, Frolov, Mamaev, & 
Mostepanenko;  Mukhanov & Sasaki, Birrell & Davies…
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cosmological expansion ⇒
time-dependent background ⇒
time-dependent Hamiltonian for spectator fields

covariant action
<latexit sha1_base64="+EChF3rM286hVgt/YFSHPCRo/tg=">AAACnXicbVFda9swFJW9ry77yrq37mGXhUHH2mCH0O5lECiFbYzRfaQpWI6RFdkRlWVPkkuC8b/aL+nb/s3kxN2ydhcE5557j3R1blwIro3n/XLcW7fv3L23db/z4OGjx0+6T7dPdV4qysY0F7k6i4lmgks2NtwIdlYoRrJYsEl8ftTUJxdMaZ7L72ZZsDAjqeQJp8RYKur+/BbgC6KKOd9dvN5LowpnJZZlbbMQ3gHm0sAM70 2HC8D6hzLVfloDFiwxAeBEEVr5dTWo0+mVEBdEGU5E1OTrm/9S8oqC/U11Nh20/HTwZoPHCw5f/1QAACuezk0YdXte31sF3AR+C3qojZOoe4lnOS0zJg0VROvA9woTVs1YVLC6g0vNCkLPScoCCyXJmA6rlbs1vLLMDJJc2WPdWLGbiopkWi+z2HZmxMz19VpD/q8WlCZ5G1ZcFqVhkq4fSkoBJodmVTDjilEjlhYQqridFeicWHeMXWjHmuBf//JNcDro+wf94Zdhb3TQ2rGFnqOXaBf56BCN0Ht0gsaIOjvOyPngfHRfuMfuJ/fzutV1Ws0z9E+4k98ids1s</latexit>
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field rescaling
<latexit sha1_base64="ZiQ9+8H0W322+htl4T1lt2uOMnU=">AAACLHicdVBdSwJBFJ21L7Mvq8dehiRQCNkNKV8CwZceDfID3EXujqMOzn4wMyvJ4g/qpb8SRA9J9NrvaHb1obQuDHM451zuvccNOZPKNOdGZmNza3snu5vb2z84PMofn7RkEAlCmyTggei4IClnPm0qpjjthIKC53Ladsf1RG9PqJAs8B/UNKSOB0OfDRgBpalevm6HI1a0qYLL2HYD3pdTT3/x42xWwrcYUqlkT0D87+vlC2 bZTAuvA2sJCmhZjV7+1e4HJPKorwgHKbuWGSonBqEY4XSWsyNJQyBjGNKuhj54VDpxeuwMX2imjweB0M9XOGV/dsTgyWQ57fRAjeSqlpB/ad1IDapOzPwwUtQni0GDiGMV4CQ53GeCEsWnGgARTO+KyQgEEKXzzekQrNWT10Hrqmxdlyv3lUKtuowji87QOSoiC92gGrpDDdREBD2hF/SO5saz8WZ8GJ8La8ZY9pyiX2V8fQP5wKis</latexit>

�(⌘,x) = a(⌘)'(⌘,x)

in spatially flat FRW background : ds2 = a2(h)[dh 2 - dx 2]  (h is conformal time)
<latexit sha1_base64="VYEqi4CY5VhsCCFh1BcS6hNm160=">AAACznicbVLLjtMwFHXCayiPKbBkY1EhdQRTJaGC2SCNxAaJTXl0ZqQ4iW4cp7XGeWA71RQrYsv3seMD+A+cNhJDy5Wse3XPObr2uU5rwZX2vF+Oe+Pmrdt3Du4O7t1/8PBw+OjxmaoaSdmcVqKSFykoJnjJ5pprwS5qyaBIBTtPL991+PmKScWr8ote1ywqYFHynFPQtpUMf38OyQpkveRjwjS8NCStRKbWhU3mqm2PIvwWE1 7qxBzblOt1G28zzjrBBsNZ/MoK806AiWC5DjHJJVDjtyZoIQ7GpAapOYikE/UTj+IAH+8RS0jFNcYOYVrEQQ9a9YsdkFxx/OkvjDGRfLHUUTIceRNvE3i/8PtihPqYJcOfJKtoU7BSUwFKhb5X68h0b6CCtQPSKFYDvYQFC21ZQsFUZDbraPFz28lwXkl7rDmb7nWFgUJ1DltmAXqpdrGu+T8sbHR+Ehle1o1mJd0OyhuBdYW73eKMS0a1sKvhQCW3d8V0CdYgbX/AwJrg7z55vzgLJv7ryfTjdHR60ttxgJ6iZ2iMfPQGnaL3aIbmiDofnK/ON8e4M3fltu73LdV1es0T9E+4P/4AP/7f6A==</latexit>
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action for canonically-normalized field

time-dependent effective mass
<latexit sha1_base64="ZrI9TTOEFVVSt+6iETITUvho398=">AAACPXicbZBLS8NAFIUnvq2vqks3wSJUxJIUUTeC4MalilWhiWUyvWkHZ5IwcyOWkD/mxv/gzp0bF4q4des0RvB1YeCbc+9l5pwgEVyj4zxYI6Nj4xOTU9OVmdm5+YXq4tKZjlPFoMViEauLgGoQPIIWchRwkSigMhBwHlwdDPvn16A0j6NTHCTgS9qLeMgZRSN1qqey40mKfSUzCMP8sln3AOn6Hv0iT0CIbXnZ3Cio7oWKss zNs+1807vhnuK9Pq6flMPFze9Ua07DKcr+C24JNVLWUad673VjlkqIkAmqddt1EvQzqpAzAXnFSzUklF3RHrQNRlSC9rPCfW6vGaVrh7EyJ0K7UL9vZFRqPZCBmRw61b97Q/G/XjvFcNfPeJSkCBH7fChMhY2xPYzS7nIFDMXAAGWKm7/arE9NPGgCr5gQ3N+W/8JZs+FuN7aOt2r7u2UcU2SFrJI6cckO2SeH5Ii0CCO35JE8kxfrznqyXq23z9ERq9xZJj/Kev8ABLeufQ==</latexit>
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Gravity enters 
the picture

<latexit sha1_base64="VwFPm+g8SzDGTqNw135sALHJya0=">AAACGnicbVBNSyNBEO3xazV+Zd2jl8YgeAozEnQvQsCLxwgbFTIh1HRqtLG7Z+iuWYhDfsde/Ct78aCIN/Hiv7EnycGvB9083quiql6SK+koDF+DufmFxaUfyyu11bX1jc36z60zlxVWYFdkKrMXCThU0mCXJCm8yC2CThSeJ9fHlX/+F62TmflDoxz7Gi6NTKUA8tKgHsEJjynjIY95rIGurC4pi/kNWv8DjSsdCY7iXMfSpDQa1BthM5yAfyXRjDTYDJ1B/TkeZqLQaEgocK4XhTn1S7AkhcJxLS4c5iCu4RJ7nhrQ6Prl5LQx3/XKkKeZ9c8Qn6jvO0rQzo104iur7d1nrxK/83oFpb/7pTR5QWjEdFBaKO6zqHLiQ2lRkBp5AsJKvysXV2BBkE+z5kOIPp/8lZztN6ODZuu01Wi3ZnEss222w/ZYxA5Zm52wDusywf6x/+yePQS3wV3wGDxNS+eCWc8v9gHByxua85//</latexit>

aH ! 0 to zero at ⌘ = ±1

Scalar field f in FRW background

<latexit sha1_base64="yDOGlnNZ3UNHOYK3MERz0wf61ms=">AAACynicbVFNj9MwEHXC11K+Chy5WFRIrcRWTVnBXpBW4sAeOCyC7q4Up5Hj2K21dhLZk4XKyo1fyI0j/wS7LRLtMpI1o3nvaTxvikZJC5PJryi+dfvO3XsH93sPHj56/KT/9Nm5rVvD+IzVqjaXBbVcyYrPQILil43hVBeKXxRXHwJ+cc2NlXX1FVYNzzRdVFJIRsG38v7vLylplnJIONDXjhS1Ku1K++S+d90ow+8xkRXk7t AnAatuvsm4DII1hsv5Gy8UQYCJ4gJSTIShzCWdm3ZD0lADkqo8KMKs0XyKD3cpFS3UX2wH0jnRFJZGOy5EN58Gzr58Z8CQnm44I0yMXCwhy/uDyXiyDnyzSLbFAG3jLO//JGXNWs0rYIpamyaTBjIXhjDFux5pLW8ou6ILnvqyoprbzK1P0eFXvlNiURv/vDfr7r8KR7UNBntmWMzuY6H5PyxtQRxnTlZNC7xim0GiVRhqHO6KS2k4A+UvIykz0v8VsyX1JoG/fs+bkOyvfLM4n46Tt+Ojz0eDk+OtHQfoBXqJhihB79AJOkVnaIZY9DHS0XX0Lf4Um3gVuw01jraa52gn4h9/AJmk30M=</latexit>
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Fourier mode decomposition:
<latexit sha1_base64="nhipXtlJ01AHiEtNjQwyayk4eHA=">AAAC0XicdVJLb9QwEHbCqyyvBY5cLFZIuzxWSVtBL0iVuHBCRbBtpXWychwnsdZ5yJ60rCwjxJV/x41/wM/Am4ZVaelIlj9/M/ONPeOkkUJDEPzy/GvXb9y8tXV7cOfuvfsPhg8fHeq6VYzPWC1rdZxQzaWo+AwESH7cKE7LRPKjZPlu7T864UqLuvoMq4ZHJc0rkQlGwVGL4W9yKlJeUDCkKYQdEw70pSFJLVO9Kt1mvlg7wW 8xERWQTFFm0niHJJlZWmvG26QRk3jHYiJ5BvONGLUL0wdhwgqxOXUFJjw24i9DWFpDd3CVLB68wOdUYpLSPOfqCrX4+Ubv1VWCRIm8gGgxHAXToDN8GYQ9GKHeDhbDnyStWVvyCpikWs/DoIHIUAWCSW4HpNW8oWxJcz53sKIl15HpJmLxM8ekOKuVWxXgjj2fYWip1/11kSWFQl/0rcn/+eYtZHuREVXTAq/YWaGslRhqvB4vToXiDOTKAcqUcHfFrKBubOA+wcA1Ibz45MvgcHsavp7uftwd7e/17dhCT9BTNEYheoP20Xt0gGaIeR888Kz31f/kr/xv/vezUN/rcx6jf8z/8QfmcOeG</latexit>
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Mode functions satisfy wave equation:
<latexit sha1_base64="mJxC4Xly9sJpx6e4PhMyOBflHcU=">AAACI3icbVBNSwJRFH1jX2ZfVss2QxIYgcyIlASB0KalQX6Ao8Od51UfvvngvTeBiP+lTX+lTYtC2rTov/RGXZh24MG559zLffd4EWdSWda3kdrY3NreSe9m9vYPDo+yxyd1GcaCYo2GPBRNDyRyFmBNMcWxGQkE3+PY8Ib3id94RiFZGDypUYRtH/oB6zEKSktu9taJQCgG3HVQQafo0AFzh/mkuLxyQh/74A47xbmwbN5Zbj ZnFawZzHViL0iOLFB1s1OnG9LYx0BRDlK2bCtS7XGyn3KcZJxYYgR0CH1saRqAj7I9nt04MS+00jV7odAvUOZMXZ4Ygy/lyPd0pw9qIFe9RPzPa8WqV26PWRDFCgM6X9SLualCMwnM7DKBVPGRJkAF03816QAEUKVjzegQ7NWT10m9WLCvC6XHUq5SXsSRJmfknOSJTW5IhTyQKqkRSl7IG/kgn8ar8W5Mja95a8pYzJySPzB+fgF9DaN8</latexit>
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k(⌘)�k(⌘) = 0

but with a time-dependent dispersion relation

Vacuum state |0⟩ defined as state where  
<latexit sha1_base64="n/2IKkOElQRRXcgYOuWDJ8auqLk=">AAACC3icbVCxahtBEJ2T7USWnUSOG4ObxSKQStwFE7sJCNKklMGyBToh5lZz0qK9vWN3z0FcrneTX0mTwiG49Q+48994dXJhS34w8Hhvhpl5USaFsb7/4NU2NrfevK1vN3Z2373/0Nz7eGHSXHPq8VSmuh+hISkU9aywkvqZJkwiSZfR7PvCv7wibUSqzu08o2GCEyViwdE6adQ8Cn+KMU3RFliOijCKi1lZsl9+qFFNJLFvzB81W37br8DWSfBEWp0DqNAdNe/DccrzhJTlEo0ZBH5mhwVqK7ikshHmhjLkM5zQwFGFCZlhUf1Ssk9OGbM41a6UZZX6fKLAxJh5ErnOBO3UrHoL8TVvkNv4dFgIleWWFF8uinPJbMoWwbCx0MStnDuCXAt3K+NT1Miti6/hQghWX14nF1/awdf28dlxq3O6TAPqcAhH8BkCOIEO/IAu9IDDNfyBG/jn/fb+ev+922VrzXua2YcX8O4eASnpmx0=</latexit>

bak|0i = 0

Scalar field f in FRW background

<latexit sha1_base64="siGU5X2x1DF7uTa+yM2QwJQJEN0=">AAACGHicbZBNSwMxEIZn/bZ+Vb0IXoJFUIS6W4r2IhS8eFSwVejWJZvO1tBkd0myQln6M7z4V7x4UMSrN/+Naaug1YHAw/vOkJk3TAXXxnU/nKnpmdm5+YXFwtLyyupacX2jqZNMMWywRCTqOqQaBY+xYbgReJ0qpDIUeBX2Tof+1R0qzZP40vRTbEvajXnEGTVWCoqHfiKxS4PeTWXPR0P3yQmxTA6IDHxJza2SOUbR4NsOii W37I6K/AXvC0r1LRjVeVB89zsJyyTGhgmqdctzU9POqTKcCRwU/ExjSlmPdrFlMaYSdTsfHTYgu1bpkChR9sWGjNSfEzmVWvdlaDuHu+pJbyj+57UyE9XaOY/TzGDMxh9FmSAmIcOUSIcrZEb0LVCmuN2VsFuqKDM2y4INwZs8+S80K2XvqFy9qJbqtXEasADbsAN74MEx1OEMzqEBDO7hEZ7hxXlwnpxX523cOuV8zWzCr3LePwE+2Z6y</latexit>
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<latexit sha1_base64="ZrI9TTOEFVVSt+6iETITUvho398="></latexit>
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<latexit sha1_base64="ShgLmNONGmV5GN5gLpsLRRF9Hpc=">AAACHHicbZDLSgNBEEVrfBtfUTeCm8YguAozGtRlxI1LBaNCJg41nZrYpOdhd48QhnyIG3/FjQtF3LgQ/Bs7iYKvCw2HW1VU1w0zKbRx3XdnbHxicmp6ZrY0N7+wuFReXjnTaa44NXgqU3URoiYpEmoYYSRdZIowDiWdh93DQf38hpQWaXJqehm1YuwkIhIcjbWC8s5B0GU+XefihvmRQl74GSojUAY+GfTTmDoYdPvFF11u94Nyxa26Q7G/4H1Cpb4GQx0H5Ve/nfI8psRwiVo3PTczrWKwh0vql/xcU4a8ix1qWkwwJt0qhsf12aZ12ixKlX2JYUP3+0SBsda9OLSdMZor/bs2MP+rNXMT7bcKkWS5oYSPFkW5ZCZlg6RYWyjiRvYsIFfC/pXxK7QRGZtnyYbg/T75L5xtV73dau2kVqnvj9KAGViHDdgCD/agDkdwDA3gcAv38AhPzp3z4Dw7L6PWMedzZhV+yHn7AHLcouU=</latexit>

Ak ⌘ @⌘!k
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Solutions to wave equation include both + and - frequency terms

Assume start with only + frequency term:

<latexit sha1_base64="/mNUVlAskcsaiJnSHFFoCPiCeok="></latexit>
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<latexit sha1_base64="lK4VJOqG3L2Rd5BFhyt9oG1kF7U="></latexit>
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Mixing of + and - frequency terms depends on ”Adiabaticity parameter” Ak :

Ak ≪ 1,  + frequency solution remains good
Ak ≫ 1,  + and – frequency terms mix

<latexit sha1_base64="HSCNq0GEWHObCh2SMvXFIJ2plgk="></latexit>
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Scalar field f in FRW background



time-dependent Hamiltonian ⇒ mode mixing 
⇒ - frequency modes from + frequency modes

+ & - frequency modes
<latexit sha1_base64="lfqefFh+hRr1Bcn6gJkwfIzdMeQ=">AAACTHicbVBNbxMxFPQGKCV8BThysYiQ0gPRblVBj5W4cCwSaSvFaeR13iZW/LG13wIryz+QCwdu/AouHEAICW+aA7SMZGk0M0/Pb8paSY95/jXr3bh5a+f27p3+3Xv3HzwcPHp84m3jBEyEVdadldyDkgYmKFHBWe2A61LBabl+3fmn78F5ac07bGuYab40spKCY5LmA8HESs4Dq3U8Z5rjyukwAu5UuxdHDJDvUco+OrlcIX fOfgidxtC+YNJU2EbKKsdFKGJg/sJh2F/HSOE8MF1Tue7CsT8fDPNxvgG9TootGZItjueDL2xhRaPBoFDc+2mR1zgL3KEUCmKfNR5qLtZ8CdNEDdfgZ2FTRqTPk7KglXXpGaQb9e+JwLX3rS5TsrvXX/U68X/etMHqcBakqRsEIy4XVY2iaGnXLF1IBwJVmwgXTqa/UrHiqR1M/XclFFdPvk5O9sfFy/HB24Ph0eG2jl3ylDwjI1KQV+SIvCHHZEIE+US+kR/kZ/Y5+579yn5fRnvZduYJ+Qe9nT8pNbWy</latexit>
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<latexit sha1_base64="Rqb+oTiGI+DzFk1OtOMK/J0mFMI=">AAACYHicbVFNTxsxFPQu/QgplNDe6MVqVCmoUrSLUMsRqZceQSKAFCeR13mbWNheY78tRNb+SW499NJfUm/IoYWOZGs0b0a2x4VV0mOW/UzSrRcvX73ubHff7Oy+3evtv7v0Ve0EjESlKnddcA9KGhihRAXX1gHXhYKr4uZbO7/6Ac7LylzgysJE84WRpRQcozTr3TGxlLPArG6mTHNcOh0GiiMcNgMGyA8pZfdOLpbInavuQq sxrD4zaUpcNZSVjouQN4H5W4fhiOumoTANTFsqaXThtI3QebtPmXVSA42mWa+fDbM16HOSb0ifbHA26z2weSVqDQaF4t6P88ziJHCHUihouqz2YLm44QsYR2q4Bj8J64Ia+ikqc1pWLi6DdK3+nQhce7/SRXS2Hfins1b832xcY3kyCdLYGsGIx4PKWlGsaNs2nUsHAtUqEi6cjHelYsljZRj/pBtLyJ8++Tm5PBrmX4bH58f905NNHR3ygXwkA5KTr+SUfCdnZEQE+ZVsJTvJbvI77aR76f6jNU02mffkH6QHfwDBV7f5</latexit>
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leads to mode mixing
<latexit sha1_base64="OSJEmxr0MKGxJw6r+bA4Dh8rLzY=">AAAC+3icjVJNb9NAEF2brxI+mpQjlxURKC0islFFe0GqxIVjkUhbKU6s8WaSrLJeW7tj1MjyX+HCAYS48ke48W9YJ0aUBAQjrfT03tuZ2dlJciUtBcF3z792/cbNWzu3W3fu3ru/2+7sndmsMAIHIlOZuUjAopIaByRJ4UVuENJE4XmyeFXr5+/QWJnpt7TMcZTCTMupFECOijteh0cJzqQu8xTIyMuKR2Iu43LxtBpHjpqbtO wpINyvehES7PMo+ml59lcL6smvhC+3S4DK5xAv+JNaohrVWWs4PljTjWN8sJHsP7pFMGr5j3Y3PFdLxO1u0A9WwbdB2IAua+I0bn+LJpkoUtQkFFg7DIOcRiUYkkJh1YoKizmIBcxw6KCGFO2oXP1dxR87ZsKnmXFHE1+xV2+UkFq7TBPnrHu3m1pN/kkbFjQ9HpVS5wWhFutC00Jxyni9CHwiDQpSSwdAGOl65WIOBgS5dWm5IYSbT94GZ8/74Yv+4ZvD7slxM44d9pA9Yj0WsiN2wl6zUzZgwrv03nsfvU9+5X/wP/tf1lbfa+48YL+F//UHd6nymQ==</latexit> 
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Scalar field f in FRW background
Mode functions satisfy wave equation:

<latexit sha1_base64="mJxC4Xly9sJpx6e4PhMyOBflHcU=">AAACI3icbVBNSwJRFH1jX2ZfVss2QxIYgcyIlASB0KalQX6Ao8Od51UfvvngvTeBiP+lTX+lTYtC2rTov/RGXZh24MG559zLffd4EWdSWda3kdrY3NreSe9m9vYPDo+yxyd1GcaCYo2GPBRNDyRyFmBNMcWxGQkE3+PY8Ib3id94RiFZGDypUYRtH/oB6zEKSktu9taJQCgG3HVQQafo0AFzh/mkuLxyQh/74A47xbmwbN5Zbj ZnFawZzHViL0iOLFB1s1OnG9LYx0BRDlK2bCtS7XGyn3KcZJxYYgR0CH1saRqAj7I9nt04MS+00jV7odAvUOZMXZ4Ygy/lyPd0pw9qIFe9RPzPa8WqV26PWRDFCgM6X9SLualCMwnM7DKBVPGRJkAF03816QAEUKVjzegQ7NWT10m9WLCvC6XHUq5SXsSRJmfknOSJTW5IhTyQKqkRSl7IG/kgn8ar8W5Mja95a8pYzJySPzB+fgF9DaN8</latexit>
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⌘�k(⌘) + !2

k(⌘)�k(⌘) = 0

but with a time-dependent dispersion relation

Vacuum state |0⟩ defined as state where  
<latexit sha1_base64="n/2IKkOElQRRXcgYOuWDJ8auqLk=">AAACC3icbVCxahtBEJ2T7USWnUSOG4ObxSKQStwFE7sJCNKklMGyBToh5lZz0qK9vWN3z0FcrneTX0mTwiG49Q+48994dXJhS34w8Hhvhpl5USaFsb7/4NU2NrfevK1vN3Z2373/0Nz7eGHSXHPq8VSmuh+hISkU9aywkvqZJkwiSZfR7PvCv7wibUSqzu08o2GCEyViwdE6adQ8Cn+KMU3RFliOijCKi1lZsl9+qFFNJLFvzB81W37br8DWSfBEWp0DqNAdNe/DccrzhJTlEo0ZBH5mhwVqK7ikshHmhjLkM5zQwFGFCZlhUf1Ssk9OGbM41a6UZZX6fKLAxJh5ErnOBO3UrHoL8TVvkNv4dFgIleWWFF8uinPJbMoWwbCx0MStnDuCXAt3K+NT1Miti6/hQghWX14nF1/awdf28dlxq3O6TAPqcAhH8BkCOIEO/IAu9IDDNfyBG/jn/fb+ev+922VrzXua2YcX8O4eASnpmx0=</latexit>

bak|0i = 0

<latexit sha1_base64="siGU5X2x1DF7uTa+yM2QwJQJEN0=">AAACGHicbZBNSwMxEIZn/bZ+Vb0IXoJFUIS6W4r2IhS8eFSwVejWJZvO1tBkd0myQln6M7z4V7x4UMSrN/+Naaug1YHAw/vOkJk3TAXXxnU/nKnpmdm5+YXFwtLyyupacX2jqZNMMWywRCTqOqQaBY+xYbgReJ0qpDIUeBX2Tof+1R0qzZP40vRTbEvajXnEGTVWCoqHfiKxS4PeTWXPR0P3yQmxTA6IDHxJza2SOUbR4NsOii W37I6K/AXvC0r1LRjVeVB89zsJyyTGhgmqdctzU9POqTKcCRwU/ExjSlmPdrFlMaYSdTsfHTYgu1bpkChR9sWGjNSfEzmVWvdlaDuHu+pJbyj+57UyE9XaOY/TzGDMxh9FmSAmIcOUSIcrZEb0LVCmuN2VsFuqKDM2y4INwZs8+S80K2XvqFy9qJbqtXEasADbsAN74MEx1OEMzqEBDO7hEZ7hxXlwnpxX523cOuV8zWzCr3LePwE+2Z6y</latexit>

!2
k(⌘) = k2 +m2

e↵(⌘)



Expansion of the universe causes explicit time dependence in action for “spectator” fields.   
Initial ~ de Sitter (early-time) vacuum may not evolve to final ~ Minkowski (late-time) vacuum, 
but to an excited state populated by particles. 

Schrödinger’s Alarming Phenomenon

( ) ( ) ( )2 0x t t x tw+ =!!

U

x

Spring constant varied 
abruptly (nonadiabatically)

U

x

Spring constant varied 
slowly (adiabatically)

an 
excited

state

y y



Solutions to wave equation include both + and - frequency terms

If start with only outgoing waves, bk(h) = 0, 
will generate incoming waves,      bk(h) ≠ 0.

Comoving number density of particles at late time is

<latexit sha1_base64="lc7OZNSC/XtocGqSQscCIE7pDsk="></latexit>

�k(⌘) =
↵k(⌘)p
2!k(⌘)

e�i
R
!k(⌘)d⌘ +

�k(⌘)p
2!k(⌘)

e+i
R
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<latexit sha1_base64="rfqtUSKuud/raHdRhRLocLA8F2I=">AAACGnicbVBNS8NAEJ34bf2qehG8LBZBLyWpRcVTwYtHBatC04bNdqJLNpu4uxFK7O/w4l/x4kERb+LFf+O29eDXg2Ee782wOy/MBNfGdT+csfGJyanpmdnS3PzC4lJ5eeVMp7li2GSpSNVFSDUKLrFpuBF4kSmkSSjwPIwPB/75DSrNU3lqehm2E3opecQZNVYKyp4MYuLjdc5viN+NFGWF1y9qfsY7tT6JOzu3foiGBvGWb9 v2bacWlCtu1R2C/CXeF6k01mCI46D85ndTlicoDRNU65bnZqZdUGU4E9gv+bnGjLKYXmLLUkkT1O1ieFqfbFqlS6JU2ZKGDNXvGwVNtO4loZ1MqLnSv72B+J/Xyk203y64zHKDko0einJBTEoGOZEuV8iM6FlCmeL2r4RdUZuPsWmWbAje75P/krNa1dut1k/qlcbBKA2YgXXYgC3wYA8acATH0AQGd/AAT/Ds3DuPzovzOhodc752VuEHnPdPsFWgrQ==</latexit>

nk ⌘ 1

2⇡2
k3|�k(⌘)|2

<latexit sha1_base64="eNgk7kJXe7p3gRiU0/WyWM+SN7U=">AAACYXicbVFdS8MwFE3r5+ZXnS+CL8EhTJDRbkNFEAa++KjgVFjWkaaphqZpSVJx1P5J33zxxT9i1u1BnQdCDufew705CTLOlHbdD8teWl5ZXVuv1Tc2t7Z3nN3GvUpzSeiApDyVjwFWlDNBB5ppTh8zSXEScPoQxFfT+sMLlYql4k5PMjpK8JNgESNYG2nsvAp0gv0uvIQojCQmhVcWrQ7K2LHfLSFiQsPQ78YQncA3FFCNx3 ELmev4ze/8Mk09fmduQZUaxmURGwXGfnfBPHaabtutABeJNyfN/j6ocDN23lGYkjyhQhOOlRp6bqZHBZaaEU7LOsoVzTCJ8RMdGipwQtWoqBIq4ZFRQhil0hyzX6X+dBQ4UWqSBKYzwfpZ/a1Nxf9qw1xH56OCiSzXVJDZoCjnUKdwGjcMmaRE84khmEhmdoXkGZt0tPmUugnB+/vkRXLfaXun7d5tr9m/mKUB1sEBOAQt4IEz0AfX4AYMAAGf1rK1ZW1bX3bNduzGrNW25p498Av2wTdfLrPp</latexit>
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Z
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Z
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k
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Scalar field f in FRW background



Nonadiabaticity proportional to
<latexit sha1_base64="bd/MZ6hetW7QiMSwb3Bwt5qhw4M=">AAACEXicbZDLSsNAFIYnXmu9RV26CRahq5KUol0W3LisYC/Q1HAyPWmHTi7MTIQS8gpufBU3LhRx686db+P0ImjrDwMf/zmHM+f3E86ksu0vY219Y3Nru7BT3N3bPzg0j47bMk4FxRaNeSy6PkjkLMKWYopjNxEIoc+x44+vpvXOPQrJ4uhWTRLshzCMWMAoKG15ZtkNBNDMTUAoBtxzUYEbhzgEb5xnP3RXzT2zZFfsmaxVcBZQIgs1PfPTHcQ0DTFSlIOUPcdOVD+b7qEc86KbSkyAjmGIPY0RhCj72eyi3DrXzsAKYqFfpKyZ+3sig1DKSejrzhDUSC7XpuZ/tV6qgno/Y1GSKozofFGQckvF1jQea8AEUsUnGoAKpv9q0RHoiJQOsahDcJZPXoV2teJcVGo3tVKjvoijQE7JGSkTh1ySBrkmTdIilDyQJ/JCXo1H49l4M97nrWvGYuaE/JHx8Q3r055O</latexit>

@⌘!k

!2
k

Adiabatic deep in quasi-de Sitter phase
Adiabatic at late time after inflation

Nonadiabatic: 

x = 0: 
k/a ≪ H when mode exits horizon during inflation.  Super-Hubble.
k/a ≫ H at end of inflation.  Sub-Hubble radius.

x = 1/6: at end of inflation.  Sub-Hubble radius.

Abrupt changes in a(h) leads to nonadiabatic changes in wk(h), which adulterates positive and 
negative frequency modes, leading to of particle creation in the expanding universe.

Scalar field 𝛗 in FRW background
<latexit sha1_base64="ZrI9TTOEFVVSt+6iETITUvho398="></latexit>
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Standard Inflationary Picture

Quasi-de Sitter Phase driven by vacuum energy of inflaton displaced from potential minimum, 
expansion rate He roughly constant

Matter-dominated phase due to inflaton oscillations about minimum of potential

Inflaton decays and leads to radiation-dominated phase characterized by a 
reheat temperature TRH  

Conformal time -∞ < h < 0  de Sitter and 0 < h < ∞ matter-dominated → radiation-dominated

Analytic inflation                       matter-dominated         (ae , He are values at end of inflation)
<latexit sha1_base64="wnTB6gn8ESeByvl+iWiYutcfkcQ=">AAACDnicbVDJSgNBEK1xN25RL4KXxqB4McxIUBGEgJccFUwUMmGo6dRoY89Cd48QhnyBF3/FiwdFvHr25t/YWQ5uDwoe71VRVS/MpNDGdT+dicmp6ZnZufnSwuLS8kp5da2l01xxavJUpuoqRE1SJNQ0wki6yhRhHEq6DG9PB/7lHSkt0uTC9DLqxHidiEhwNFYKytvIdtgJ87uRQl5gQP3C2/PJYJ/5fqkxMBsBBeWKW3WHYH +JNyaV+gYMcRaUP/xuyvOYEsMlat323Mx0ClRGcEn9kp9rypDf4jW1LU0wJt0phu/02bZVuixKla3EsKH6faLAWOteHNrOGM2N/u0NxP+8dm6io04hkiw3lPDRoiiXzKRskA3rCkXcyJ4lyJWwtzJ+gzYYYxMs2RC83y//Ja39qndQrZ3XKvXjURowB5uwBbvgwSHUoQFn0AQO9/AIz/DiPDhPzqvzNmqdcMYz6/ADzvsXaiOZ2A==</latexit>

a =
ae

1� ⌘

H = He

<latexit sha1_base64="NqaueNUvaojgeURvaj2KFcTNwt0="></latexit>
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Standard Inflationary Picture

We can normalize the scale factor a such that 
<latexit sha1_base64="mzk2eGYGLnAufn8F0flY++/QNms=">AAAB73icbVDLSgNBEOz1GeMr6kXwMhgET2FXguYiBLzkGME8IFmW2UlvMmT24cysEJb8hBcPinj1d7z5N042OWhiQUNR1U13l58IrrRtf1tr6xubW9uFneLu3v7BYenouK3iVDJssVjEsutThYJH2NJcC+wmEmnoC+z447uZ33lCqXgcPehJgm5IhxEPOKPaSF3qYcPDW8crle2KnYOsEmdByvVTyNH0Sl/9QczSECPNBFWq59iJdjMqNWcCp8V+qjChbEyH2DM0oiEqN8vvnZILowxIEEtTkSa5+nsio6FSk9A3nSHVI7XszcT/vF6qg5qb8ShJNUZsvihIBdExmT1PBlwi02JiCGWSm1sJG1FJmTYRFU0IzvLLq6R9VXGuK9X7arlem6cBBTiDc7gEB26gDg1oQgsYCHiGV3izHq0X6936mLeuWYuZE/gD6/MHrZiPwA==</latexit>

aeHe = 1

A momentum mode of comoving value k.   It has physical wavenumber k/a

At the end of inflation it is k/ae .

Ratio of the physical wavenumber to He is k/aeHe , or simply k.

k < 1 corresponds to modes that are super-Hubble radius at the end of inflation.

k > 1 corresponds to modes that are sub-Hubble radius at the end of inflation.



But there is a “simple” inflationary model: 
single-field with quadratic inflaton potential:

Simple model ruled out by CMB 
measurements.  But CMB measurements 
probe inflaton potential 60 or so e-folds 
before the end of inflation.  For our studies 
we will often be interested in inflaton
potential near the end or after inflation ends 
when 𝜑 is close to the minimum of its 
potential and quadratic description may be a 
good approximation.

Standard Inflationary Picture, but not Standard Inflationary Model
<latexit sha1_base64="F4gueCpqo2Q+Im7sFZ/8VnIjZ2w=">AAAB+3icbVDLSsNAFL2pr1pfsW4EN4NFcFUSKeoy4MZlBfuAJpTJZNIOnTyYmUhL6K+4caGIW3/EnX/jJO1CWw8MHM65l3vm+ClnUlnWt1HZ2Nza3qnu1vb2Dw6PzON6VyaZILRDEp6Ivo8l5SymHcUUp/1UUBz5nPb8yV3h956okCyJH9UspV6ERzELGcFKS0Oz7voJDyKsxrlLp/qenA/NhtW0SqB1Yi9JwzmFEu2h+eUGCckiGivCsZQD20qVl2OhGOF0XnMzSVNMJnhEB5rGOKLSy8vsc3ShlQCFidAvVqhUf2/kOJJyFvl6skgpV71C/M8bZCq89XIWp5miMVkcCjOOVIKKIlDABCWKzzTBRDCdFZExFpgoXVdNl2CvfnmddK+a9nWz9dBqOM6iDajCGZzDJdhwAw7cQxs6QGAKz/AKb8bceDHejY/FaMVY7pzAHxifP1zilVk=</latexit>

9

<latexit sha1_base64="qCWTNzqyzaU+EPL+KCPHvryl2z4=">AAACEHicbVC7SgNBFL0bXzG+ojaCzWAQYxN2Q9A0QsDGMoJ5QHYTZiezyZDZBzOzgbDkE2z8FRsLRWwt7fwbJ5sUmnjgwuGce7n3HjfiTCrT/DYya+sbm1vZ7dzO7t7+Qf7wqCnDWBDaICEPRdvFknIW0IZiitN2JCj2XU5b7uh25rfGVEgWBg9qElHHx4OAeYxgpaVe/qJZtMdYREN2iW6Q3fcEJok1TcpT24+75YXXLffyBb NkpkCrxFqQQu0EUtR7+S+7H5LYp4EiHEvZscxIOQkWihFOpzk7ljTCZIQHtKNpgH0qnSR9aIrOtdJHXih0BQql6u+JBPtSTnxXd/pYDeWyNxP/8zqx8qpOwoIoVjQg80VezJEK0Swd1GeCEsUnmmAimL4VkSHWmSidYU6HYC2/vEqa5ZJ1VarcVwq16jwNyMIpnEERLLiGGtxBHRpA4BGe4RXejCfjxXg3PuatGWMxcwx/YHz+ANkanIU=</latexit>

V (') =
1

2
µ2'2

𝜑 CMB𝜑e



But there is a “simple” inflationary model: 
single-field with quadratic inflaton potential:

EOM: 

Slow roll during inflation (           ): 

Inflation is accelerated expansion:

Standard Inflationary Picture, but not Standard Inflationary Model
<latexit sha1_base64="F4gueCpqo2Q+Im7sFZ/8VnIjZ2w=">AAAB+3icbVDLSsNAFL2pr1pfsW4EN4NFcFUSKeoy4MZlBfuAJpTJZNIOnTyYmUhL6K+4caGIW3/EnX/jJO1CWw8MHM65l3vm+ClnUlnWt1HZ2Nza3qnu1vb2Dw6PzON6VyaZILRDEp6Ivo8l5SymHcUUp/1UUBz5nPb8yV3h956okCyJH9UspV6ERzELGcFKS0Oz7voJDyKsxrlLp/qenA/NhtW0SqB1Yi9JwzmFEu2h+eUGCckiGivCsZQD20qVl2OhGOF0XnMzSVNMJnhEB5rGOKLSy8vsc3ShlQCFidAvVqhUf2/kOJJyFvl6skgpV71C/M8bZCq89XIWp5miMVkcCjOOVIKKIlDABCWKzzTBRDCdFZExFpgoXVdNl2CvfnmddK+a9nWz9dBqOM6iDajCGZzDJdhwAw7cQxs6QGAKz/AKb8bceDHejY/FaMVY7pzAHxifP1zilVk=</latexit>

9

<latexit sha1_base64="qCWTNzqyzaU+EPL+KCPHvryl2z4=">AAACEHicbVC7SgNBFL0bXzG+ojaCzWAQYxN2Q9A0QsDGMoJ5QHYTZiezyZDZBzOzgbDkE2z8FRsLRWwt7fwbJ5sUmnjgwuGce7n3HjfiTCrT/DYya+sbm1vZ7dzO7t7+Qf7wqCnDWBDaICEPRdvFknIW0IZiitN2JCj2XU5b7uh25rfGVEgWBg9qElHHx4OAeYxgpaVe/qJZtMdYREN2iW6Q3fcEJok1TcpT24+75YXXLffyBb NkpkCrxFqQQu0EUtR7+S+7H5LYp4EiHEvZscxIOQkWihFOpzk7ljTCZIQHtKNpgH0qnSR9aIrOtdJHXih0BQql6u+JBPtSTnxXd/pYDeWyNxP/8zqx8qpOwoIoVjQg80VezJEK0Swd1GeCEsUnmmAimL4VkSHWmSidYU6HYC2/vEqa5ZJ1VarcVwq16jwNyMIpnEERLLiGGtxBHRpA4BGe4RXejCfjxXg3PuatGWMxcwx/YHz+ANkanIU=</latexit>
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fCMBfe

<latexit sha1_base64="XAGJFvPx1QCyM0wCjEeIsemi8pA=">AAACKHicbVBbSwJBGP22q9nN6iXoZUgCI5DdkvIlEnrx0SAv4C7L7Djq4OyFmVlBFn9OL/2VXiKK8LVf0rj6kNqBgcM532W+40WcSWWaE2NtfWNzazuzk93d2z84zB0dN2QYC0LrJOShaHlYUs4CWldMcdqKBMW+x2nTGzxO/eaQCsnC4FmNIur4uBewLiNYacnNPdidTqgSe4hF1GdjdIVuqvaiYkdYKIa5O5dQozBnl/emm8 ubRTMFWiXWnOQrp5Ci5uY+9HgS+zRQhGMp25YZKSeZriCcjrN2LGmEyQD3aFvTAPtUOkl66BhdaKWDuqHQL1AoVf92JNiXcuR7utLHqi+Xvan4n9eOVbfsJCyIYkUDMlvUjTlSIZqmhjpMUKL4SBNMBNN/RaSPBSZKZ5vVIVjLJ6+SxnXRui2Wnkr5SnmWBmTgDM6hABbcQQWqUIM6EHiBN/iEL+PVeDe+jcmsdM2Y95zAAoyfX0MZprc=</latexit>

'̈+ 3H'̇+ @'V (') = 0

<latexit sha1_base64="Nk7KxapXI6Gzqy8t7JUOffYjZH8=">AAAB+nicbVBNS8NAEJ3Ur1q/Ur0IXhaL4KkkUrQXoeDFYwVbC00om822XbrJht1NpcT+FC8eFPHqL/Hmv3Gb9qCtDwYe780wMy9IOFPacb6twtr6xuZWcbu0s7u3f2CXD9tKpJLQFhFcyE6AFeUspi3NNKedRFIcBZw+BKObmf8wplIxEd/rSUL9CA9i1mcEayP17LIXhkJn3hjLZMim6Nrp2RWn6uRAq8RdkErjGHI0e/aXFwqSRjTWhGOluq6TaD/DUjPC6bTkpYommIzwgHYNjXFElZ/lp0/RmVFC1BfSVKxRrv6eyHCk1CQKTGeE9VAtezPxP6+b6n7dz1icpJrGZL6on3KkBZrlgEImKdF8YggmkplbERliiYk2aZVMCO7yy6ukfVF1L6u1u1qlUZ+nAUU4gVM4BxeuoAG30IQWEHiEZ3iFN+vJerHerY95a8FazBzBH1ifP2wPlB4=</latexit>

'̈ = 0
<latexit sha1_base64="6dPtH9fr+RxROoQsN7eGFkbCqJs=">AAACGHicbVC7SgNBFL0bXzG+Vm0Em8EgxMK4q0HTCAGblBHMA5KwzE4myZDZBzOzgbDkM2z8FRsLRWzT+TfOJlto4oGBwzn3Mfe4IWdSWda3kVlb39jcym7ndnb39g/Mw6OGDCJBaJ0EPBAtF0vKmU/riilOW6Gg2HM5bbqjh8RvjqmQLPCf1CSkXQ8PfNZnBCstOebVTbXTC1TcGWMRDtkU3aNL1AmxUAxzJ1VRo5CyC8fMW0VrDrRK7JTkKycwR80xZ3o+iTzqK8KxlG3bClU3ThYQTqe5TiRpiMkID2hbUx97VHbj+WFTdK6VHuoHQj9fobn6uyPGnpQTz9WVHlZDuewl4n9eO1L9cjdmfhgp6pPFon7EkQpQkhLqMUGJ4hNNMBFM/xWRIRaYKJ1lTodgL5+8ShrXRfu2WHos5SvlRRqQhVM4gwLYcAcVqEIN6kDgGV7hHT6MF+PN+DS+FqUZI+05hj8wZj8bOJ/Z</latexit>

3H'̇ = �@'V (')

<latexit sha1_base64="xEKWnnQ2dd+UKTO5xI9Wljob6Gs="></latexit>
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<latexit sha1_base64="kNZtS/30q4qScgImXoUcSUZNgdk=">AAACBHicbVBNSwMxFHzrZ61fVS+Cl2ARKmLZ1aI9Frx4VLC20F1KNpu2wewmJFmhLD148a948aCIV3+EN/+N6daDtg4Ehpn3eJkJJWfauO6XMze/sLi0XFgprq6tb2yWtrZvtUgVoU0iuFDtEGvKWUKbhhlO21JRHIectsK7i7HfuqdKM5HcmKGkQYz7Cesxgo2VuqU9P4qEyfAI+VIJaQQ6rvhqII5O5WG3VHarbg40S7wfUm7sQo6rbunTjwRJY5oYwrHWHc+VJsiwMoxwOir6qaYSkzvcpx1LExxTHWR5iBE6sEqEekLZlxiUq783MhxrPYxDOxljM9DT3lj8z+ukplcPMpbI1NCETA71Uo5s1nEjKGKKEsOHlmCimP0rIgOsMDG2t6ItwZuOPEtuT6reWbV2XSs36pM2oAB7sA8V8OAcGnAJV9AEAg/wBC/w6jw6z86b8z4ZnXN+dnbgD5yPb+lJl6E=</latexit>

ä / �(⇢+ 3p)

<latexit sha1_base64="Z5i0t1aEF7EqG10kUum7nKKRVVE="></latexit>
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Ricci Scalar 
<latexit sha1_base64="5UuQkGQkET7ffT72MeXcRFwKNu0="></latexit>
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Mixing of + and - frequency terms depends on ”Adiabaticity parameter” Ak :

Ak ≪ 1,  + frequency solution remains good
Ak ≫ 1,  + and – frequency terms mix

Adiabticity Parameter Ak
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Define some dimensionless parameters
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Adiabaticity Parameter Ak

10°4 10°3 10°2 10°1 100 101

a/ae

10°6

10°5

10°4

10°3

10°2

10°1

100

101

102

103

!
2 k

ª = 0 k = 0.01 µ = 1.0

!2
k > 0

!2
k < 0

<latexit sha1_base64="f8gtCDlKb/zNK14rD9EqON/6ukc=">AAACF3icbVBNSwMxEJ31s9avqhfBy2IRFKHuFtFehIIXj1VsFdpaZtNpG5rsLklWKKX/wot/xYsHRbzqzX9j2nrQ1gdDXt6bIZkXxIJr43lfzszs3PzCYmopvbyyurae2dis6ChRjMosEpG6DVCT4CGVDTeCbmNFKANBN0H3fOjf3JPSPAqvTS+musR2yFucobFSI5OrRZLa2Oje5c9sHeJdfr9GBg/k78vV+Dg6aWSyXs4bwZ0m/g/JFrdhhFIj81lrRiyRFBomUOuq78Wm3kdlOBM0SNcSTTGyLrapammIknS9P9pr4O5Zpem2ImUrNO5I/T3RR6l1Twa2U6Lp6ElvKP7nVRPTKtT7PIwTQyEbP9RKhGsidxiS2+SKmBE9S5Apbv/qsg4qZMZGmbYh+JMrT5NKPuef5I4vj7PFwjgNSMEO7MI++HAKRbiAEpSBwQM8wQu8Oo/Os/PmvI9bZ5yfmS34A+fjGx97nWY=</latexit>

!2
k = k2 + a2(⌘)m2 + a2(⌘)R(⌘)/6



Mode equation:

Conformal and Minimal Couplings Very Different
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!2
k < 0 Possible for minimal coupling—expect growth

Why should x be constant?   There should be an RG flow for x.

Might set x to 0 or 1/6 at some scale (say MPl?) but at other scales there should be log 
corrections.



Energy Density & Number Density in Terms of Mode Functions
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⇢ = T 0
0 expressed in conformal time and in terms of field variable c = af
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Even though the kinetic term in the action is canonically normalized for the comoving 
field c the energy density still has a mixed term.

Using the mode expansion and the commutation relations for    and     , we can express 
the energy density in terms of the mode functions.   For instance, c2 term:
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Energy Density & Number Density in Terms of Mode Functions
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Has terms proportional to 
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Only last term nonvanishing.  Normal order:                                                             with result 
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Following similar procedure for the rest of the terms yields
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Energy Density & Number Density in Terms of Mode Functions
<latexit sha1_base64="LcfxMOA2wyWnc7EFgPKg7hS1Jv8="></latexit>

2a4⇢ =

Z
d
3
k

(2⇡)3

⇢
|@⌘�k|2 + !

2
k |�k|2 + (1� 6⇠)

✓
a
2
H

2 � 1

6
a
2
R

◆
|�k|2 � 2aH Re [�k @⌘�

⇤
k]

��

Infinite before renormalization (duh, it’s field theory).  Introduce UV cutoff LUV 

Leads to time-dependent and time-independent counterterms

Renormalize divergences by requiring                                in Minkowski vacuum.

Since we will be interested in the asymptotic value of r where H and R vanish 
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Energy Density & Number Density in Terms of Mode Functions

At late time in the NR limit wk → am and r = m n 

In terms of Bogoliubov coefficients:

Phew!
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Finally, Calculation of Relic Abundance

Three (equivalent) ways to calculate relic abundance:

1. Integrate EOM:                                  (2nd-order equation for complex ck)

2. Integrate two 1st-order equations for complex ak and bk
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<latexit sha1_base64="oG9m2R6HtG22Lc7crPuZg+Bn/ks=">AAACo3icjVFNa9tAEF2pX6n7Eae9FHoZalJ6aI0UQpNLwaEQCj3ULXES8KpitB7Zi1cf7K4KRuiP5Wf01n+TleXS1OmhDxYeb2Z4s2+SUkljg+CX59+5e+/+g52HvUePnzzd7e89OzdFpQVNRKEKfZmgISVzmlhpFV2WmjBLFF0ky49t/eIHaSOL/MyuSooynOcylQKtk+L+FS9RW4kq5mQROKpygfESXsMH4DbVKOqwqQ8aOI nrZQP8LfAio3nb0vLEDXWUvtcS+Hgh47aN9+AGtjw2Q/9p8XujzuPdH5O4PwiGwRpwm4QbMhi9YGuM4/5PPitElVFuhUJjpmFQ2qhudxOKmh6vDJUoljinqaM5ZmSiep1xA/tOmUFaaPdyC2v15kSNmTGrLHGdGdqF2a614r9q08qmx1Et87KylIvOKK0U2ALag8FMahJWrRxBoaXbFcQCXWrWnbXnQgi3v3ybnB8Mw/fDw6+Hg9FxlwbbYS/ZK/aGheyIjdgnNmYTJjzwTr0v3tjf9z/73/yzrtX3NjPP2V/wo2ti+8gE</latexit>
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(for imaginary wk analytic continuation cumbersome)



Finally, Calculation of Relic Abundance

Three (equivalent) ways to calculate relic abundance:

3. Define ak and bk to avoid calculating Fk (two 1st-order equations for complex ak and bk):
<latexit sha1_base64="HcouT/MzhKBVjvvob+c/IPm592w="></latexit>

↵k(⌘) = ak(⌘) e
i�k(⌘)/2 and �k(⌘) = bk(⌘) e

�i�k(⌘)/2

<latexit sha1_base64="6FyMwltZfftWpZd3lHnVs7iuFy0=">AAAC7HicnVJNa9tAEF0paZu6X05zKeQy1LSkJDFSCG0uBZdeekygTgJeI0brlbN4tRK7q4IR+g259NASeu0P6i3/Jis7H6rSUwcWHu/NMG9mNs6lMDYILj1/ZfXBw0drjztPnj57/qK7/vLYZIVmfMgymenTGA2XQvGhFVby01xzTGPJT+LZ51o/+ca1EZn6auc5H6c4VSIRDK2jonXPpzlqK1BGJeUWK8ConFVbNX4Hb+Ej7I IAmqV8itFsSdOdWwjbQBONrAyrcq+CT41aunNTdsfFTZ12oBFtG3HLxraz0fJRt4j/00kTR91e0A8WAfdBeA16g1dkEYdR9w+dZKxIubJMojGjMMjtuKwHYJJXHVoYniOb4ZSPHFSYcjMuF8eq4I1jJpBk2j1lYcE2K0pMjZmnsctM0Z6ZtlaT/9JGhU0OxqVQeWG5YstGSSHBZlBfHiZCc2bl3AFkWjivwM7Qrcy6/9FxSwjbI98Hx3v98H1//2i/NzhYboOskU3ymmyRkHwgA/KFHJIhYZ7wzr0f3k9f+d/9C//XMtX3rms2yF/h/74C69Hg3w==</latexit>

@⌘ak(⌘) = �i!k(⌘) ak(⌘) +
1

2
Ak(⌘)!k(⌘)bk(⌘)

@⌘bk(⌘) = +i!k(⌘) bk(⌘) +
1

2
Ak(⌘)!k(⌘)ak(⌘)



Finally, Calculation of Relic Abundance

Initial Conditions: as a → 0, frequency                                                                      → k 2 motivates

“Bunch-Davies” initial conditions for ck and 𝜕h ck:

as h → ∞ the physical momentum is much larger than H and the field should not “feel” the

curvature of spacetime. 

NO APOLOGIES!

<latexit sha1_base64="kAUYJzMBASxrsC0HC7Z9eRXziIc="></latexit>
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<latexit sha1_base64="JieIDTWLZrfpP4EtBZ2KpvNei5k=">AAACzHicjVFNb9QwEHXCV1m+lnJB4mKxAhWJXSWriva4Ag5wQUVi20rrbeR4nV0rTpzak9LI8pUfyI0zfwQnaaXScmAkS09v5umN36SVFAai6FcQ3rp95+69rfuDBw8fPX4yfLp9aFStGZ8zJZU+TqnhUpR8DgIkP640p0Uq+VGaf2j7R2dcG6HKb9BUfFnQdSkywSh4Khn+JmwjEpu7HcKBvsGvMTnXYr0BqrX6blsSE1B4jI koM2gcvhSckILCRhf2/cdLMeGntTjDJNOU2dhZYk412GnuvOot5id2LHCO21lPkAG+UqSiGgSVSdvtLPL/3mgseqPeN3d26lxnlvdWyXAUTaKu8E0QX4DR7Dnq6iAZ/iQrxeqCl8AkNWYRRxUsbbshk9wNSG14RVlO13zhYUkLbpa2O4bDrzyzwpnS/pWAO/aqwtLCmKZI/WQboLnea8l/9RY1ZPtLK8qqBl6y3iirJfZZtJfFK6E5A9l4QJkWflfMNtRHAv7+Ax9CfP3LN8HhdBK/m+x+3R3N9vs00BZ6gV6iHRSjPTRDn9ABmiMWfA5UcB404ZcQQhu6fjQMLjTP0F8V/vgDSZ3dog==</latexit>
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Finally, Calculation of Relic Abundance

So just integrate EOM (either using 1, 2, or 3) with BD initial conditions and extract |bk|2 at late

time and calculate spectral density and comoving number density.
<latexit sha1_base64="/9yx7+7QqrMF44mLttKLEIXRHhQ="></latexit>
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<latexit sha1_base64="TTd746dHFDMcoDEkQwkbC3Ct4yE=">AAACEHicbVBNS8NAEJ3U7/oV9SJ4WS2iBymJFvUiFLx4VLAqNLFstpt2yWYTdjdCCfkJXvwrXjwo4tWjN/+N29SDWh+78Hhvhpl5QcqZ0o7zaVUmJqemZ2bnqvMLi0vL9srqlUoySWiLJDyRNwFWlDNBW5ppTm9SSXEccHodRKdD//qOSsUScakHKfVj3BMsZARrI3XsHeHt4dsDdII8JjTyNssXSkzyblTkUeEh0YkQ6tg1p+6UQOPE/Sa15jqUOO/YH143IVlMhSYcK9V2nVT7OZaaEU6LqpcpmmIS4R5tGypwTJWflwcVaNsoXRQm0nyzVan+7MhxrNQgDkxljHVf/fWG4n9eO9PhsZ8zkWaaCjIaFGYc6QQN00FdJinRfGAIJpKZXRHpY5OGNhlWTQju35PHydV+3T2sNy4atebxKA2YhQ3Ygl1w4QiacAbn0AIC9/AIz/BiPVhP1qv1NiqtWN89a/AL1vsXc0abBA==</latexit>
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Notice spectrum is BLUE, by which I 
mean spectrum vanishes as k → 0



na3 → 0 as m → 0

For conformally-coupled 
scalar, conformal symmetry 
only broken by mass term.

Since metric is conformally 
Minkowski, massless, 
conformally-coupled scalar 
field does not feel 
expansion.



Conversion of na3 to Wh2

2 32
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After inflation universe dominated by coherent oscillations of inflaton.  Energy density decreases 
as a matter-dominated universe.   Eventually inflaton decays, “reheating” the universe to some 
“reheat” temperature TRH , after which the universe evolves as a radiation-dominated universe, 
eventually becoming matter dominated around z = 30,000, then dark-energy dominated at a 
redshift ≈ 1.

All the while na3 remaining constant.

We don’t know He or TRH, but the above values are “representative” choices.

So na3 ≈ 10-5 seems desirable.



• Inflation indicates a new mass scale

• In most models, minflaton» Hinflation» 1012 - 1014 GeV?

• Hinflation detectable via primordial gravitational waves in CMB

• (I) expect other particles with mass » minflaton

minflaton

lightest stable?   Dark Matter  “WIMPzilla”

mass 

all produced à la
Schrödinger’s
alarming
phenomenon

CGPP & Dark Matter




