


For 40 Years, Leading DM Candidate
“Weak”-Scale Cold Thermal Relic 

• Mass: GeV – TeV
• “Weak-scale” interaction strength with SM
• No self-interactions
• Produced by “freeze-out” from primordial plasma.  COLD dark matter.
• “Detectable” by direct detection, indirect detection, decay products, production at colliders
• Just BSM

But not (convincingly) seen
• In Direct detection (but DAMA/LIBRA)
• In Indirect Detection (but galactic-center excess)
• In Decay (but 3.5 keV g-ray line)
• In Colliders no BSM signal (but µg-2, mW)

What if DM interacts only gravitationally?
• Gravity must play a prole in its cosmological production
• But gravity weak!
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Ideas for gravitaJonal parJcle producJon

Produce particles through misalignment mechanism

• Scalar field has quantum fluctuations during inflation

• After inflation field frozen by “Hubble drag” until

• After which it oscillates with energy density in 
oscillating field

• cf., axion
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Produce particles via Hawking radiation from primordial black holes
(Hooper, Krnjaic, & McDermott)
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Ideas for gravitational particle production

• PBHs of current interest (after first LIGO event)
• Seeds for PBHs from inflation
• Assumes DM mass about 1011 GeV (WIMPzilla)



Ideas for gravitational particle production

Produce parPcles from SM plasma via 
graviton exchange

Garny, Sandora, & Sloth
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• Freeze-in
• For DM mass about 1013 GeV (WIMPzilla)
• Assumes m < TRH



Ideas for gravitational particle production
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Produce particles from inflaton field after quasi-de Sitter era via graviton exchange
Ema, Nakayama, Tang; Mambrini & Olive

DM
cold

inflaton
condensate

• Only works for DM mass < inflaton mass
• DM mass for correct Wh2 involved funcPon of several parameters
• “Boltzmann” approach not complete treatment (Kaneta, Lee, Oda)

⊂Boltzmann BolgoliubovSchrödinger +



Cosmological Gravitational Particle Production (CGPP) 

• A space-dependent (e.g., black holes) or time-dependent (e.g., big bang) gravitational field 
can create particles from vacuum

Black Holes  – Hawking 1974
Big Bang       – Schrödinger 1939

• Interest here on Wme-dependent gravitaWonal fields, in parWcular, the big bang

• CGPP is an example of QFT in classical gravitation background.  Many interesting facets, but …

• … my motivation is whether
o CGPP can be the origin of DARK MATTER (DM), and 
o CGPP can result in cosmological constraints on particle properties

Inflation: quasi deSitter phase followed by transition to matter-dominated then radiation-dominated phase



Erwin Schrödinger’s
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Erwin Schrödinger (1887 — 1961) 

Gustav Mahler 1860–1911Gustav Klimt 1862–1918 Sigmund Freud 1856–1939
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Erwin Schrödinger (1887 — 1961) 

Moritz Schlitz 1882–1936 Ludwig Boltzmann 1844–1906

logS k W=

Ernst Mach 1838–1916



Erwin Schrödinger (1887 — 1961) 

Erwin Schrödinger 1887–1961
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Schrödinger Wave Equa2on 



With spouse Annemarie (Anny) Bertel
Wedding day 1920, and in 1956  

Schoolboy ca. 1900

Erwin Schrödinger (1887 — 1961) 



His private life seemed strange to bourgeois people like 
ourselves. But all this does not matter. He was a most lovable 
person, independent, amusing, temperamental, kind and 
generous, and he had a most perfect and efficient brain.

Max Born on Schrödinger's “private life”



Schrödinger’s Alarming Times

Biographical info. from Walter Moore, Schrödinger, Life and Thought (Cambridge Univ. Press, 1992)

1926: “QuanWsierung als Eigenwertproblem,” Annalen der Physik 384, 273

1927: Schrödinger visited U.S.
Found noise and dirt of New York “shafering”
Found Chicago worse, feared “bandits who spring with loaded guns 
from speeding autos.”  (Anny liked Chicago.)
Schrödinger departed UZH for Berlin.

1933: Nazis came to power. Schrödinger, marked by Nazis as “poliWcally      
unreliable,” departed Berlin for “exile” in Oxford.  Nobel Prize. 



Schrödinger’s Alarming Times

Biographical info. from Walter Moore, Schrödinger, Life and Thought (Cambridge Univ. Press, 1992)

1926: “Quantisierung als Eigenwertproblem,” Annalen der Physik 384, 273

1927: Schrödinger visited U.S.
Found noise and dirt of New York “shattering”
Found Chicago worse, feared “bandits who spring with loaded guns 
from speeding autos.”  (Anny liked Chicago.)
Schrödinger departed UZH for Berlin.

1933: Nazis came to power. Schrödinger, marked by Nazis as “politically      
unreliable,” departed Berlin for “exile” in Oxford.  Nobel Prize. 

1936: Schrödinger departed Oxford for Graz, Austria in a miscalculation of the      
political situation that was, in his words, an “unprecedented stupidity.”

1938: 12 March, Anschluss; 26 August, Schrödinger dismissed; 14 September, Erwin 
& Anny left Graz for Rome with ten Marks, three suitcases, sans Nobel medal; met in 
Rome by Fermi; asylum in the Vatican.



Schrödinger  ̶ Fermi

Dublin
February 10, 1951

Dear Fermi, 

…..  I beg you to help me remove once and for all, a remorse that I cannot help 
associating with my memory of you at our last meeting, namely that I still owe you Lire 
400 val. Sept 1938.  To re-calculate this sum to date, now that all money-value has 
gone down is very difficult, but I think something like 200 Swedish Crowns would be a 
modest estimate for re-payment.  If you agree and if you still have an account at 
Stockholm, this would be very simple.  If the later is not the case, please indicate me 
your bankers’ account at Chicago, and I hope to manage even so.
…..

Yours very sincerely,
E. Schrödinger

http://www.theflorentine.net/h/p://www.shardcore.org/



Chicago
February 27, 1951

Dear Shrodinger [sic], 

…..  As to the old debt that you menWon, I believe that you are esWmaWng the value of 
400 lire too high.  At that Wme the lire was worth about one twenWeth of one dollar 
and it seems therefore a $20.00 seflement would be correct.  I no longer have an 
account in Sweden.  My bank here in Chicago is the University NaWonal Bank, 1354 
East 55th Street, Chicago 15.   Please however, be sure if there are any difficulWes 
whatsoever about transferring this amount not to worry about it because it is certainly 
not worth it.
…..

Yours very sincerely,
Enrico Fermi

Schrödinger  ̶ Fermi

http://www.theflorentine.net/http://www.shardcore.org/



Schrödinger’s Alarming Times

Biographical info. from Walter Moore, Schrödinger, Life and Thought (Cambridge Univ. Press, 1992)

1926: “Quantisierung als Eigenwertproblem,” Annalen der Physik 384, 273

1927: Schrödinger visited U.S.
Found noise and dirt of New York “shattering”
Found Chicago worse, feared “bandits who spring with loaded guns 

from speeding autos.”  (Anny liked Chicago.)
Schrödinger departed UZH for Berlin.

1933: Nazis came to power. Schrödinger, marked by Nazis as “politically      
unreliable,” departed Berlin for “exile” in Oxford.  Nobel Prize. 

1936: Schrödinger departed Oxford for Graz, Austria in a miscalculation of the        
political situation that was an “unprecedented stupidity.”

1938: March, Anschluss; 26 August Schrödinger dismissed; 14 September, Erwin 
& Anny left Graz for Rome with ten Marks, three suitcases, sans Nobel medal; met in 
Rome by Fermi; asylum in the Vatican.

1938: Schrödinger accepted position in Gent, Belgium [ed. another stupidity].



Schrödinger the Cosmologist
In Belgium Schrödinger met big-bang 
cosmologist Abbé Georges Lemaître.

Previously several interacWons with 
Sir Arthur Stanley Eddington.

July 1939 Nature of the Nebular 
Red-Shi8 

August 1939 The Proper Vibra<ons of 
the Expanding Universe

1956 Expanding Universes, 
Cambridge Univ. Press



Hubble’s discovery paper
Proc. Natl. Acad. Sci. 15, 168 (1929)

Expansion of the Universe



University of Chicago               1908-1909 National Champions



Schrödinger’s Alarming Times
1926: “Quantisierung als Eigenwertproblem,” Annalen der Physik. 384, 273

1927: Schrödinger visited U.S.
Found noise and dirt of New York “shattering”
Found Chicago worse, feared “bandits who spring with loaded guns 

from speeding autos.”  (Anny liked Chicago.)
Schrödinger departed UZH for Berlin.

1933: Nazis came to power. Schrödinger, marked by Nazis as “politically      
unreliable,” departed Berlin for “exile” in Oxford.  Nobel Prize. 

1936: Schrödinger departed Oxford for Graz, Austria in a miscalculation of the      
political situation that was an “unprecedented stupidity.”

1938: March, Anschluss; 26 August Schrödinger dismissed; 14 September, Erwin 
& Anny left Graz for Rome with ten Marks, three suitcases, sans Nobel medal; met in 
Rome by Fermi; asylum in the Vatican.

1938: Schrödinger accepted position in Gent, Belgium (another stupidity).

1939: October, Schrödinger departed Belgium for Dublin.

Biographical info. from Walter Moore, Schrödinger, Life and Thought (Cambridge Univ. Press, 1992)



Schrödinger the Cosmologist
In Belgium Schrödinger met big-bang 
cosmologist Abbé Georges Lemaître.

Previously several interacWons with 
Sir Arthur Stanley Eddington.

July 1939 Nature of the Nebular 
Red-Shi8 

August 1939 The Proper Vibra<ons of 
the Expanding Universe

1956 Expanding Universes, 
Cambridge Univ. Press
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Schrödinger’s two favorite phrases:
1. alarming phenomenon
2. adulteration

Schrödinger was alarmed by creation
of a single particle

per Hubble time      (H0
-1 ~ 1010 yr )

per Hubble volume (H0
-3 ~ 1057 km3) 

with Hubble energy (H0 ~ 10-33 eV  )

Of all the circumstances faced by 
Schrödinger in 1939, why did this alarm 
him?



Even in an expanding universe, a parWcle’s 
wavefuncWon can be decomposed into 
“proper vibraWons” (posiWve & negaWve 
frequency modes):

Y(t) = !
"# e

-iwt + $
"# e

+iwt

ParWcle occupancy number µ |b |2

If start with pure incoming or outgoing 
waves, in and out will become mixed. 

The expansion of the universe creates 
particles!

This alarms me [ed. why?], so I wrote a 
paper.



Schrödinger’s Alarming Phenomenon

How to understand mutual adulteration (particle creation)

The Quantum Vacuum

External Fields Can Disturb The Quantum Vacuum



Disturbing the Quantum Vacuum

E
!

e+ e-

Particle creation

Sauter (1931); Heisenberg & Euler (1935); Weisskopf (1936); Schwinger (1951) 

Electric Field

2 3
16 1

crit 10  V cmem cE
e

-= »
!

"

crit /E Ee p-G µ
!

e+ e-

Particle creation if energy gained in acceleration from E-field 
over a Compton wavelength exceeds the particle’s rest mass. 



NATURE, Vol 446/1 March 2007

“We’re going to change the 
index of refracWon of the 
vacuum and produce new 
parWcles.”

Gérard Mourou

Physicists are planning lasers 
powerful enough to rip apart the 
fabric of space and Wme.



Gérard Mourou

Disturbing the Quantum Vacuum
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Crab pulsar 3 × 1013 G

Magnetars       1014 – 1015 G

Strong magnetic fields imply existence of strong electric fields.

Many strange phenomena associated with pulsars, magnetars, etc.

The Skeptics Guide to the Universe

could rip the iron
out of your blood

from 1,000 miles away.

MAGNETARS
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Disturbing the Quantum Vacuum

Hawking (1974); Bekenstein (1972) 

Particle creationTidal gravitaPonal field              

e+ e-

v = c at Black Hole horizon

Black
Hole

Wdal gravity
fielde+ e-

ParPcle creaPon if energy gained in acceleraPon from gravity 
over a Compton wavelength exceeds the parPcle’s rest mass. 



Disturbing the Quantum Vacuum

Particle creationExpanding universe

Schrödinger’s Alarming Phenomenon (1939)

e+ e-
expansion
of space

v = c at Hubble radius

critH m= crit /H He p-G µ

e+ e-

ParPcle creaPon if energy gained in acceleraPon from expansion 
over a Compton wavelength exceeds the parPcle’s rest mass. 



Schrödinger’s Alarming Phenomenon
Why was Schrödinger alarmed?

• Appearance of parPcles from the vacuum sounds crazy.

• Technical issues with calculaPon:
Quantum mechanical calculaPon (requires quantum field theory).
Only create parPcles with mass less than expansion rate H

(today H0 ~ 10-33 eV).
Only create parPcles if violate Weyl Conformal Invariance

(don’t create photons).
Would Schrödinger sPll have been alarmed?

• Schrödinger looked for (and found) a cosmological soluPon without mutual 
adulteraPon (not a very physical soluPon).

• Perhaps he thought it was conceptual challenge to Quantum Mechanics or 
General RelaPvity.

• Infinite parPcle creaPon in standard big-bang at t = 0.

• (SomePmes should just follow the equaPons).



Forgotten in 40s, 50s, 60s (by Schrödinger also).

Schrödinger’s Alarming Phenomenon

Schrödinger 1939: “Generally speaking this is a phenomenon of outstanding importance.   With 
parPcles it would mean the producPon or annihilaPon of maner, merely by the expansion.”  [why 
would that be of outstanding importance?]

Leonard Parker Thesis 1966. In 1968 paper: “…for the early stages of a Friedmann 
expansion it [particle creation] may well be of great cosmological significance, 
especially since it seems inescapable if one accepts quantum field theory and 
general relativity.”  [no speculation as to the “great cosmological significance”]

Zel’dovich 1970s proposed an application: explaining why the universe is homogeneous and 
isotropic.

“Outstanding” importance?



Schrödinger’s Alarming Phenomenon

Great cosmological significance in the 1980s (inflaPon):
Sasaki, Kodama, Mukhanov, Vilenkin, Linde, Abbof, Wise, Lyth, Salopek, Bond, … 

Other interest in CGPP in the 1970s (mostly regarded as a curiosity).
US: Parker, Ford, Fulling, Allen, Friedman, Wald, … 
Soviet Union: Zel’dovich, Starobinski, Grishchuk, Grib, Mostepanenko, Lukash, … (CGPP in the CCCP)  
UK: Bunch, Davies, Birrell, Hawking, …



Cosmological Gravitational Particle Production (CGPP)
• In Minkowskian QFT, a parWcle is an IR of the Poincaré group.
• But, expanding universe not Poincaré invariant.
• NoWon of a “parWcle” is approximate.

Schrodinger (1939);   Parker (1965, 68);   Fulling, Ford, & Hu;  
Zel’dovich;   Starobinski;  Grib, Frolov, Mamaev, & 
Mostepanenko;  Mukhanov & Sasaki, Birrell & Davies…

cosmological
expansion

Wme-dependent
Hamiltonian

+ and – frequency modes mix
(Bogoliubov)

parWcle 
producWon



Scalar field f in Minkowski space
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Fourier mode decomposition:
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Mode funcPons saPsfy wave equaPon and normalizaPon condiPon:
<latexit sha1_base64="klik9w3r3orIFJjuVj7624b1F6w=">AAACUnicbVJLS0JBFD7ay8zKahO0GZKgB8m9EeVGENq0NMgUvHaZO446OPfBzLmBiL8xiDb9kDYtqvFqaNkZBr75vnPm8c3xIik0WtZbKr20vLK6llnPbuQ2t7bzO7sPOowV4zUWylA1PKq5FAGvoUDJG5Hi1Pckr3v9m7Fef+JKizC4x0HEWz7tBqIjGEVDuXnhRFShoNLFxwuH9YTbP8aTMyf0eZe6/TmubBFnNhJ2VjtZP5 6e/4DfEikTy80XrKKVBFkE9hQUKvuQRNXNvzjtkMU+D5BJqnXTtiJsDcf7MslHWSfWPKKsT7u8aWBAfa5bw8SSETkyTJt0QmVmgCRh5yuG1Nd64Hsm06fY03+1Mfmf1oyxU2oNRRDFyAM2OagTS4IhGftL2kJxhnJgAGVKmLsS1qOKMjS/kDUm2H+fvAgeLor2VfHy7rJQKU3cgAwcwCEcgw3XUIFbqEINGDzDO3zCV+o19ZE2XTJJTaemNXvwK9K5b/HKsqw=</latexit>

@2
t �k(t) + !2

k�k(t) = 0 �k@t�
⇤
k � �⇤

k@t� = 0

Vacuum state |0⟩ defined as state where  
<latexit sha1_base64="n/2IKkOElQRRXcgYOuWDJ8auqLk=">AAACC3icbVCxahtBEJ2T7USWnUSOG4ObxSKQStwFE7sJCNKklMGyBToh5lZz0qK9vWN3z0FcrneTX0mTwiG49Q+48994dXJhS34w8Hhvhpl5USaFsb7/4NU2NrfevK1vN3Z2373/0Nz7eGHSXHPq8VSmuh+hISkU9aywkvqZJkwiSZfR7PvCv7wibUSqzu08o2GCEyViwdE6adQ8Cn+KMU3RFliOijCKi1lZsl9+qFFNJLFvzB81W37br8DWSfBEWp0DqNAdNe/DccrzhJTlEo0ZBH5mhwVqK7ikshHmhjLkM5zQwFGFCZlhUf1Ssk9OGbM41a6UZZX6fKLAxJh5ErnOBO3UrHoL8TVvkNv4dFgIleWWFF8uinPJbMoWwbCx0MStnDuCXAt3K+NT1Miti6/hQghWX14nF1/awdf28dlxq3O6TAPqcAhH8BkCOIEO/IAu9IDDNfyBG/jn/fb+ev+922VrzXua2YcX8O4eASnpmx0=</latexit>

bak|0i = 0

Dispersion relation: 
<latexit sha1_base64="0H4SqPe/m+mcgCmvgEy0mycTE5k=">AAAB/3icbVDLSgMxFL1TX7W+RgUR3ASLIAhlphTtRii4cVnBPqAvMmnahiYzQ5IRytiFv+LGhSJu/Q13/o2ZaRfaeuBeDufcS26OF3KmtON8W5mV1bX1jexmbmt7Z3fP3j+oqyCShNZIwAPZ9LCinPm0ppnmtBlKioXHacMb3yR+44FKxQL/Xk9C2hF46LMBI1gbqWcftQNBh7g37hbRNUr6BRLdYs/OOwUnBVom7pzkK8eQotqzv9r9gESC+ppwrFTLdULdibHUjHA6zbUjRUNMxnhIW4b6WFDVidP7p+jMKH00CKQpX6NU/b0RY6HURHhmUmA9UoteIv7ntSI9KHdi5oeRpj6ZPTSIONIBSsJAfSYp0XxiCCaSmVsRGWGJiTaR5UwI7uKXl0m9WHAvC6W7Ur5SnqUBWTiBUzgHF66gArdQhRoQeIRneIU368l6sd6tj9loxprvHMIfWJ8/gDaUfQ==</latexit>

!2
k = k2 +m2

AcPon:



Scalar field f in Minkowski space

SoluPon to wave equaPon:
<latexit sha1_base64="BcauJViiuROL85J4GI4XtJ7EFsY="></latexit>

�k(t) =
↵kp
2!k

e�i!kt +
�kp
2!k

e+i!kt

If choose |ak| = 0, will have pure outgoing wave … no mode mixing

Bogoliubov coefficients satisfy:   
<latexit sha1_base64="tTLmDewF7cZsc3mERDtrLUPGzQo=">AAACA3icbZDLSsNAFIZP6q3WW9SN6CZYBDeWpBQVQSi4cVnBXqCJYTKdtEMnF2YmQkkLbnwVNy4UcetLuPNtnCZdaPWHgY//nMOZ83sxo0Ka5pdWWFhcWl4prpbW1jc2t/TtnZaIEo5JE0cs4h0PCcJoSJqSSkY6MSco8Bhpe8Orab19T7igUXgrRzFxAtQPqU8xkspy9f2xjVg8QO5wfFc9GdsekTlfWq5eNitmJuMvWDMo1/cgU8PVP+1ehJOAhBIzJETXMmPppIhLihmZlOxEkBjhIeqTrsIQBUQ4aXbDxDhSTs/wI65eKI3M/TmRokCIUeCpzgDJgZivTc3/at1E+udOSsM4kSTE+SI/YYaMjGkgRo9ygiUbKUCYU/VXAw8QR1iq2EoqBGv+5L/Qqlas00rtplauX+RpQBEO4BCOwYIzqMM1NKAJGB7gCV7gVXvUnrU37T1vLWizmV34Je3jG8nEl6E=</latexit>

|↵k|2 � |�k|2 = 1



<latexit sha1_base64="V4AH38+Vs6t3buNWS5hCTwuSQ24="></latexit>

ds2 = a2(⌘)
⇥
d⌘2 + d~x2

⇤

Some NotaJon

FLRW model

In early universe k = 0 

Define conformal time

My convenPon:  scale factor a has dimension of length.  An observer “at rest” has constant  
(r, q, f )  “comoving coordinates”

Expansion rate                                             prime indicates derivaPve wrt conformal Pme 

<latexit sha1_base64="IwsWFcqmPxojM+Rz26XavWjg56w="></latexit>

ds2 = dt2 � a2(t)


dr2

1� kr2
+ r2d✓2 + r2 sin2 ✓d�2

�

<latexit sha1_base64="fQ7+x3Q3njCuJIsksuWW5vW2agY=">AAAB8HicbVBNS8NAEJ3Ur1q/ql4EL8EieCqJFO1FKHjxWMF+SBvKZrNpl242YXcilNBf4cWDIl79Od78N27THrT1wcDjvRlm5vmJ4Bod59sqrK1vbG4Vt0s7u3v7B+XDo7aOU0VZi8YiVl2faCa4ZC3kKFg3UYxEvmAdf3w78ztPTGkeywecJMyLyFDykFOCRnokQZ8huQlwUK44VSeHvUrcBak0TiBHc1D+6gcxTSMmkQqidc91EvQyopBTwaalfqpZQuiYDFnPUEkipr0sP3hqnxslsMNYmZJo5+rviYxEWk8i33RGBEd62ZuJ/3m9FMO6l3GZpMgknS8KU2FjbM++twOuGEUxMYRQxc2tNh0RRSiajEomBHf55VXSvqy6V9Xafa3SqM/TgCKcwhlcgAvX0IA7aEILKETwDK/wZinrxXq3PuatBWsxcwx/YH3+ABMEkJs=</latexit>

ad⌘ = dt
<latexit sha1_base64="j/HTl+WfoxeG1eT3Ee+X8QoModw=">AAACEXicbVDLSgMxFL3js9bXqBvBTbCIXZWZUlQEoeCmywr2Ae1YMmmmDc08SDJCGeYX3Pgrblwo4tadO//GdFpQWw9cODnn3iT3uBFnUlnWl7G0vLK6tp7byG9ube/smnv7TRnGgtAGCXko2i6WlLOANhRTnLYjQbHvctpyR9cTv3VPhWRhcKvGEXV8PAiYxwhWWuqZxRq6Qt2+JzBJuv1QJThNdf2I+FSf78ppzyxYJSsDWiT2jBSqh5Ch3jM/9X0k9mmgCMdSdmwrUk6ChWKE0zTfjSWNMBnhAe1oGmCfSifJNkrRiVb6yAuFrkChTP09kWBfyrHv6k4fq6Gc9ybif14nVt6Fk7AgihUNyPQhL+ZIhWgSD+ozQYniY00wEUz/FZEh1kEoHWJeh2DPr7xImuWSfVaq3FQK1ctpGpCDIziGIthwDlWoQR0aQOABnuAFXo1H49l4M96nrUvGbOYA/sD4+AYigZ1E</latexit>

H =
ȧ

a
=

a
0

a2



Assume Standard InflaJonary Picture

Quasi-de Sitter Phase driven by vacuum energy of inflaton displaced from potential minimum, 
expansion rate HI roughly constant

Matter-dominated phase due to inflaton oscillations about minimum of potential

Inflaton decays and leads to radiation-dominated phase characterized by a 
reheat temperature TRH  

Conformal time -∞ < h < 0  de Sitter and 0 < h < ∞ matter-dominated → radiation-dominated

Roughly           inflation                       matter-dominated         (ae , He are values at end of inflation)
<latexit sha1_base64="wnTB6gn8ESeByvl+iWiYutcfkcQ=">AAACDnicbVDJSgNBEK1xN25RL4KXxqB4McxIUBGEgJccFUwUMmGo6dRoY89Cd48QhnyBF3/FiwdFvHr25t/YWQ5uDwoe71VRVS/MpNDGdT+dicmp6ZnZufnSwuLS8kp5da2l01xxavJUpuoqRE1SJNQ0wki6yhRhHEq6DG9PB/7lHSkt0uTC9DLqxHidiEhwNFYKytvIdtgJ87uRQl5gQP3C2/PJYJ/5fqkxMBsBBeWKW3WHYH +JNyaV+gYMcRaUP/xuyvOYEsMlat323Mx0ClRGcEn9kp9rypDf4jW1LU0wJt0phu/02bZVuixKla3EsKH6faLAWOteHNrOGM2N/u0NxP+8dm6io04hkiw3lPDRoiiXzKRskA3rCkXcyJ4lyJWwtzJ+gzYYYxMs2RC83y//Ja39qndQrZ3XKvXjURowB5uwBbvgwSHUoQFn0AQO9/AIz/DiPDhPzqvzNmqdcMYz6/ADzvsXaiOZ2A==</latexit>

a =
ae

1� ⌘

H = He

<latexit sha1_base64="NqaueNUvaojgeURvaj2KFcTNwt0="></latexit>

a = ae(1 +
1
2⌘)

2

H =
He

(1 + 1
2⌘)

3




