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1917 
Cosmological considerations 

on the general theory of 
relativity

But if we are concerned with 
structure only on a large scale, 
we can represent matter as if it 

were uniformly distributed in 
huge spaces .... 

Homogeneity
Pascal: a sphere whose centre is 
everywhere and circumference 
nowhere

Isotropy
The world is spatially closed 

Machian

The world is static

I will lead the reader along the road I 
have travelled myself, a rather 

bumpy and winding road, because 
otherwise I cannot expect him to be 

very interested in the result at the 
end of the journey. 

 
The conclusion I will come to is that 

the field equations of gravitation 
that I have defended so far still need 

a slight modification. . .

Λ

1917 
Einstein's theory of gravitation 

and its astronomical 
consequences. Third paper

Homogeneity

Isotropy

Λ

The de Sitter Universe

Anti-Machian

Felix Klein

Vacuum

“It would be unsatisfactory, in my opinion, if a world without matter were possible. Rather,  
the -field should be fully determined by matter and not be able to exist without the latter.”gμν
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It remains to be pointed out that the cosmological quantity  remains undetermined in our 
formulae, as it is an extra constant in the problem; possibly electrodynamic considerations 

can lead to its evaluation. If we fix  y  solar masses, then the period of the 
world becomes of the order of 10 billion years. But these figures can surely only serve as an 

illustration for our calculations.

Λ

Λ = 0 M = 5.1021



In an earlier note I exercised criticism on the 
mentioned paper. My objection, however, was 
based on a calculation error—as I have become 
persuaded, at the suggestion of Mr. Krutkoff, 
guided by a letter by Mr. Friedmann. I consider Mr. 
Friedmann’s results correct and illuminating. It is 
demonstrated that the field equations permit, 
aside from the static solution, dynamic (i.e., 
variable with the time coordinate), centrally 
symmetrical solutions for the structure of space

I have won over Einstein in the argument about Friedmann.  
The honor of Petrograd is saved!”
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Friedmann Universe

Non-linear physics Newtonian

Relativistic+
Linear Perturbations

Small scales

Large scales

Power spectrum

Bispectrum

A A

B

B

Summary

⟨δm(k1, t)δm(k2, t)⟩ = (2π)3δD(k1 + k2)P(k1, t)

⟨δm(k1, t)δm(k2, t)δm(k3, t)⟩ = (2π)3δD(k1 + k2 + k3)B(k1, k2, k3, t)



http://caastro.org/



Bispectrum

The squeezed limit contains model independent information about the physics during inflation

B(q, k1, k2)
q→0 1

q
J. Maldacena astro-ph/0210603 

P. Creminelli, M. Zaldarriaga astro-ph/0407059

Single field inflation

with different behavior for multi-field inflation or higher spin

Bispectrum

⟨δm(k1, t)δm(k2, t)δm(k3, t)⟩ = (2π)3δD(k1 + k2 + k3)B(k1, k2, k3, t)



A self-gravitating expanding dust fluid

ρm(t, x) = ∫ d3pf (t, x, p)

f (t, x, p)

ρm(t, x)v(t, x) = ∫ d3p
p

am
f (t, x, p)

ρm(t, x)vi(t, x)vj(t, x) + σij(t, x) = ∫ d3p
pipj

a2m2
f (t, x, p)

f (t, x, p)

df
dt

=
∂
∂t

f (t, x, p) +
p

ma2

∂
∂x

f (t, x, p) − m
∂

∂x
Φ(x)

∂
∂p

f (t, x, p) = 0

ΔΦ(t, x) =
4πGm

a (∫ d3pf (t, x, p) − ρ̄m(t))

Particle number density in phase space

Local mass density (zeroth order moment)

Peculiar velocity flow (first order moment)

Stress tensor (second order moment)

is solution of the Vlasov equation (collision-less Boltzmann equation)

Coupled to the Poisson equation

This is what (N-body mostly) codes aim at simulating
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Single flow

Multi flow region:

virialization

3 flows after shell

crossing

Single flow approximation

Matter density contrast

Taking moments of the Vlasov equation

Continuity equation

Euler equation

δm(t, x) =
ρm(t, x) − ρ̄m(t)

ρ̄m(t)

∂
∂t

δm(t, x) +
1
a

∂i[(1 + δm(t, x))vi(t, x)] = 0

∂
∂t

ui(t, x) + Hui(t, x) +
1
a

uj(t, x)∂jui(t, x) = −
1
a

∂iΦ(t, x) −
1

aρm
∂j(ρmσij)

∂
∂t

σij(t, x) + 2Hσij +
1
a

uk ∇kσij +
1
a

σjk ∇kui +
1
a

σik ∇kuj = −
1

aρm
∂k(ρmΠijk)

ΔΦ(t, x) = 4πGρ̄ma2δm(t, x)



Standard Perturbation Theory

In Fourier space:

Linear Vertices (mode coupling)

∂
∂t

δm(t, x) +
1
a

∂i[(1 + δm(t, x))vi(t, x)] = 0
ΔΦ(t, x) = 4πGρ̄ma2δm(t, x)

∂
∂t

ui(t, x) + Hui(t, x) +
1
a

uj(t, x)∂jui(t, x) = −
1
a

∂iΦ(t, x)

1
H

·δm(t, k) + θ(t, k) = − ∫ d3k1d3k2δ(k − k1 − k2)α(k1, k2)δm(t, k1)θ(t, k2)

1
H

·θ + (2 +
·H

H )θ +
3
2

Ωmδm = − ∫ d3k1d3k2δ(k − k1 − k2)β(k1, k2)θ(t, k1)θ(t, k2)

θ =
∂ivi

aH
α(k1, k2) =

(k1 + k2) . k1

k2
1

β(k1, k2) =
(k1 + k2)2(k1 . k2)

2k2
1k2

2

δm(t, k) =
∞

∑
n=1

f n(t)δ(n)(k) θ(t, k) = −
·f

H

∞

∑
n=1

f n(t)θ(n)(k)

δ(n)(k) = ∫ d3k1⋯d3knδ(k − k1⋯n)δ(1)(k1)⋯δ(1)(kn)F(n)(k1, ⋯, kn)

θ(n)(k) = ∫ d3k1⋯d3knδ(k − k1⋯n)δ(1)(k1)⋯δ(1)(kn)G(n)(k1, ⋯, kn)

F. Bernardeau, S. Colombi, E. Gaztanaga, R. Scoccimarro arXiv:astro-ph/0112551



{ <latexit sha1_base64="BEPwdlnsmWMyAWSV75dXQ57axXQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WjmSXoR3QsecgZNVZ6GGSVYbXm1t0FyDrxClKDAq1h9WswilkaoTRMUK37npsYP6PKcCZwXhmkGhPKpnSMfUsljVD72eLUObmwyoiEsbIlDVmovycyGmk9iwLbGVEz0ateLv7n9VMT3vgZl0lqULLlojAVxMQk/5uMuEJmxMwSyhS3txI2oYoyY9PJQ/BWX14nnau659a9+0at2SjiKMMZnMMleHANTbiDFrSBwRie4RXeHOG8OO/Ox7K15BQzp/AHzucPzDONaw==</latexit><latexit sha1_base64="BEPwdlnsmWMyAWSV75dXQ57axXQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WjmSXoR3QsecgZNVZ6GGSVYbXm1t0FyDrxClKDAq1h9WswilkaoTRMUK37npsYP6PKcCZwXhmkGhPKpnSMfUsljVD72eLUObmwyoiEsbIlDVmovycyGmk9iwLbGVEz0ateLv7n9VMT3vgZl0lqULLlojAVxMQk/5uMuEJmxMwSyhS3txI2oYoyY9PJQ/BWX14nnau659a9+0at2SjiKMMZnMMleHANTbiDFrSBwRie4RXeHOG8OO/Ox7K15BQzp/AHzucPzDONaw==</latexit><latexit sha1_base64="BEPwdlnsmWMyAWSV75dXQ57axXQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WjmSXoR3QsecgZNVZ6GGSVYbXm1t0FyDrxClKDAq1h9WswilkaoTRMUK37npsYP6PKcCZwXhmkGhPKpnSMfUsljVD72eLUObmwyoiEsbIlDVmovycyGmk9iwLbGVEz0ateLv7n9VMT3vgZl0lqULLlojAVxMQk/5uMuEJmxMwSyhS3txI2oYoyY9PJQ/BWX14nnau659a9+0at2SjiKMMZnMMleHANTbiDFrSBwRie4RXeHOG8OO/Ox7K15BQzp/AHzucPzDONaw==</latexit><latexit sha1_base64="BEPwdlnsmWMyAWSV75dXQ57axXQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WjmSXoR3QsecgZNVZ6GGSVYbXm1t0FyDrxClKDAq1h9WswilkaoTRMUK37npsYP6PKcCZwXhmkGhPKpnSMfUsljVD72eLUObmwyoiEsbIlDVmovycyGmk9iwLbGVEz0ateLv7n9VMT3vgZl0lqULLlojAVxMQk/5uMuEJmxMwSyhS3txI2oYoyY9PJQ/BWX14nnau659a9+0at2SjiKMMZnMMleHANTbiDFrSBwRie4RXeHOG8OO/Ox7K15BQzp/AHzucPzDONaw==</latexit>

 0.01

 0.1

 1

 10

 100

 0.001  0.01  0.1  1  10

P(
k,

z=
0)

 [(
h/

M
pc

)-3
]

k [h/Mpc]

Plin
1-loop
2-loop
3-loop kref=k
3-loop log measure

Standard Perturbation Theory

⟨δm(t, k1)δm(t, k2)⟩ = f 2⟨δ(1)(k1)δ(1)(k2)⟩ + f3⟨δ(1)(k1)δ(2)(k2)⟩ + f 4(⟨δ(2)(k1)δ(2)(k2)⟩ + ⟨δ(1)(k1)δ(3)(k2)⟩)

P(k) P(22)(k)PL(k) P(13)(k)

δm = fδ(1) + f 2δ(2) + f3δ(3) + ⋯

1-loop correction

D. Blas, M. Garny, T. Konstandin   arXiv:1309.3308



Weak field approximation: shortwave corrections 

Metric perturbations remain small on all scales (except close to dense compact objects)

Universe can be described by a perturbed Friedmann metric
S. Green, R. Wald - arXiv:1011.4920, 1111.2997

Deviations of  can be large compared to average quantities         Tμν ⟨Tμν⟩

But metric potentials remain small

Density of earth is  times larger than density of the Universe but 1029 Φ ≃ 10−9

But space derivatives can be large

ΔΦ = 4πGρ

Scales close to or beyond the horizon are in the linear regime at any time (observations)

Metric perturbations can contain fluctuations of short wavelengths with small amplitude but each spatial  
derivative is proportional to the inverse length scale

 more important at small scales⇒



Weak field approximation: shortwave corrections 

Other directions exist

Cosmological linear theory of perturbations

Second order perturbations

1946: Lifshitz (SVT decomposition)

1980: Bardeen

1984: Kodama - Sasaki

2004: Noh - Hwang (using ADM formalism)



Weak field approximation: shortwave corrections 



Other directions exist

Cosmological linear theory of perturbations

Second order perturbations

Third order perturbations

1946: Lifshitz (SVT decomposition)

1980: Bardeen

1984: Kodama - Sasaki

2004: Noh - Hwang (using ADM formalism)

2005: Noh - Hwang

We perform a perturbative expansion in           while keeping all orders inaH/k
<latexit sha1_base64="2xL9vgoFbqRGLykdhgA0mfj+m5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFc1Rkp6LLgpssK9gHtUDJppg3NZMbkTqEM/Q43LhRx68e482/MtF1o64HA4Zx7uScnSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G97nfnnBtRKwecZpwP6JDJULBKFrJ70UUR0GY0fr1eNYvld2KOwdZJ96SlGGJRr/01RvELI24QiapMV3PTdDPqEbBJJ8Ve6nhCWVjOuRdSxWNuPGzeegZubTKgISxtk8hmau/NzIaGTONAjuZhzSrXi7+53VTDO/8TKgkRa7Y4lCYSoIxyRsgA6E5Qzm1hDItbFbCRlRThranoi3BW/3yOmndVDy34j1Uy7Xqso4CnMMFXIEHt1CDOjSgCQye4Ble4c2ZOC/Ou/OxGN1wljtn8AfO5w+oPZH3</latexit><latexit sha1_base64="2xL9vgoFbqRGLykdhgA0mfj+m5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFc1Rkp6LLgpssK9gHtUDJppg3NZMbkTqEM/Q43LhRx68e482/MtF1o64HA4Zx7uScnSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G97nfnnBtRKwecZpwP6JDJULBKFrJ70UUR0GY0fr1eNYvld2KOwdZJ96SlGGJRr/01RvELI24QiapMV3PTdDPqEbBJJ8Ve6nhCWVjOuRdSxWNuPGzeegZubTKgISxtk8hmau/NzIaGTONAjuZhzSrXi7+53VTDO/8TKgkRa7Y4lCYSoIxyRsgA6E5Qzm1hDItbFbCRlRThranoi3BW/3yOmndVDy34j1Uy7Xqso4CnMMFXIEHt1CDOjSgCQye4Ble4c2ZOC/Ou/OxGN1wljtn8AfO5w+oPZH3</latexit><latexit sha1_base64="2xL9vgoFbqRGLykdhgA0mfj+m5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFc1Rkp6LLgpssK9gHtUDJppg3NZMbkTqEM/Q43LhRx68e482/MtF1o64HA4Zx7uScnSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G97nfnnBtRKwecZpwP6JDJULBKFrJ70UUR0GY0fr1eNYvld2KOwdZJ96SlGGJRr/01RvELI24QiapMV3PTdDPqEbBJJ8Ve6nhCWVjOuRdSxWNuPGzeegZubTKgISxtk8hmau/NzIaGTONAjuZhzSrXi7+53VTDO/8TKgkRa7Y4lCYSoIxyRsgA6E5Qzm1hDItbFbCRlRThranoi3BW/3yOmndVDy34j1Uy7Xqso4CnMMFXIEHt1CDOjSgCQye4Ble4c2ZOC/Ou/OxGN1wljtn8AfO5w+oPZH3</latexit><latexit sha1_base64="2xL9vgoFbqRGLykdhgA0mfj+m5g=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFc1Rkp6LLgpssK9gHtUDJppg3NZMbkTqEM/Q43LhRx68e482/MtF1o64HA4Zx7uScnSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G97nfnnBtRKwecZpwP6JDJULBKFrJ70UUR0GY0fr1eNYvld2KOwdZJ96SlGGJRr/01RvELI24QiapMV3PTdDPqEbBJJ8Ve6nhCWVjOuRdSxWNuPGzeegZubTKgISxtk8hmau/NzIaGTONAjuZhzSrXi7+53VTDO/8TKgkRa7Y4lCYSoIxyRsgA6E5Qzm1hDItbFbCRlRThranoi3BW/3yOmndVDy34j1Uy7Xqso4CnMMFXIEHt1CDOjSgCQye4Ble4c2ZOC/Ou/OxGN1wljtn8AfO5w+oPZH3</latexit>

�m
<latexit sha1_base64="hTj6NpJRnjebqWdcm0IeCsWqIAw=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkoMuCG5cV7APaECaTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHKmtON8W5WNza3tnepubW//4PDIrh/3VJJJQrsk4YkcBFhRzgTtaqY5HaSS4jjgtB9Mbwq//0ClYom417OUejEeCxYxgrWRfLs+irGeBFE+CinX2I/nvt1wms4CaJ24JWlAiY5vf43ChGQxFZpwrNTQdVLt5VhqRjid10aZoikmUzymQ0MFjqny8kX0OTo3SoiiRJonNFqovzdyHCs1iwMzWQRVq14h/ucNMx1dezkTaaapIMtDUcaRTlDRAwqZpETzmSGYSGayIjLBEhNt2qqZEtzVL6+T3mXTdZruXavRbpV1VOEUzuACXLiCNtxCB7pA4BGe4RXerCfrxXq3PpajFavcOYE/sD5/ALrXlD8=</latexit><latexit sha1_base64="hTj6NpJRnjebqWdcm0IeCsWqIAw=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkoMuCG5cV7APaECaTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHKmtON8W5WNza3tnepubW//4PDIrh/3VJJJQrsk4YkcBFhRzgTtaqY5HaSS4jjgtB9Mbwq//0ClYom417OUejEeCxYxgrWRfLs+irGeBFE+CinX2I/nvt1wms4CaJ24JWlAiY5vf43ChGQxFZpwrNTQdVLt5VhqRjid10aZoikmUzymQ0MFjqny8kX0OTo3SoiiRJonNFqovzdyHCs1iwMzWQRVq14h/ucNMx1dezkTaaapIMtDUcaRTlDRAwqZpETzmSGYSGayIjLBEhNt2qqZEtzVL6+T3mXTdZruXavRbpV1VOEUzuACXLiCNtxCB7pA4BGe4RXerCfrxXq3PpajFavcOYE/sD5/ALrXlD8=</latexit><latexit sha1_base64="hTj6NpJRnjebqWdcm0IeCsWqIAw=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkoMuCG5cV7APaECaTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHKmtON8W5WNza3tnepubW//4PDIrh/3VJJJQrsk4YkcBFhRzgTtaqY5HaSS4jjgtB9Mbwq//0ClYom417OUejEeCxYxgrWRfLs+irGeBFE+CinX2I/nvt1wms4CaJ24JWlAiY5vf43ChGQxFZpwrNTQdVLt5VhqRjid10aZoikmUzymQ0MFjqny8kX0OTo3SoiiRJonNFqovzdyHCs1iwMzWQRVq14h/ucNMx1dezkTaaapIMtDUcaRTlDRAwqZpETzmSGYSGayIjLBEhNt2qqZEtzVL6+T3mXTdZruXavRbpV1VOEUzuACXLiCNtxCB7pA4BGe4RXerCfrxXq3PpajFavcOYE/sD5/ALrXlD8=</latexit><latexit sha1_base64="hTj6NpJRnjebqWdcm0IeCsWqIAw=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkoMuCG5cV7APaECaTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHKmtON8W5WNza3tnepubW//4PDIrh/3VJJJQrsk4YkcBFhRzgTtaqY5HaSS4jjgtB9Mbwq//0ClYom417OUejEeCxYxgrWRfLs+irGeBFE+CinX2I/nvt1wms4CaJ24JWlAiY5vf43ChGQxFZpwrNTQdVLt5VhqRjid10aZoikmUzymQ0MFjqny8kX0OTo3SoiiRJonNFqovzdyHCs1iwMzWQRVq14h/ucNMx1dezkTaaapIMtDUcaRTlDRAwqZpETzmSGYSGayIjLBEhNt2qqZEtzVL6+T3mXTdZruXavRbpV1VOEUzuACXLiCNtxCB7pA4BGe4RXerCfrxXq3PpajFavcOYE/sD5/ALrXlD8=</latexit>

Weak field approximation: shortwave corrections 

Expansion is made without discrimination, like  
post-Newtonian formalism

We need to discriminate the elements  
of the metric

Hubble scale

Small scale

Small scale

∇2ϕ =
3
2

a2H2δm

k ∼ aH ⇒ ϕ ∼ δm ∼ 𝒪(10−5)

aH/k ∼ 𝒪(10−3) and δm ∼ 𝒪(1) ⇒ ϕ ∼ 𝒪(10−5)

vi ∼ 𝒪(10−3)vi = −
∂iϕ
aH
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Variable Order in Poisson gauge Order in C-gauge
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Weak field approximation: shortwave corrections 

ω = 0 u0 = 1

ds2 = − (1 + 2ϕ)dt2 + 2ωidxidt + a(t)2[(1 − 2ψ)δij + hij] dxidxj

ωi = ∂iω + wi , ∂iwi = 0

δijhij = δ jk∂khij = 0
Tμν = ρ̄m(1 + δm)uμuν



In the Newtonian limit, we recover

Relativistic

Newtonian

Poisson gauge

·δm + ∂i [(1 + δm)vi] = ·δm (ϕ −
a2v2

2 ) − (1 + δm) ∂t ( a2v2

2 ) + 3(1 + δm) ·ϕ + 2ϕ,i(1 + δm)vi

·θ + 2Hθ + ∂i(vi∂jv j) +
∇2ϕ
a2

= ∂i (−ϕ +
a2v2

2 ) ·vi + 2 ( a2v2

2
H − Hϕ − ·ϕ) vi + 2(ϕ,iv2 − v jϕ, jvi)

2
a2

∇2ϕ(1 − 2ϕ) − 6
··a
a

+ 6H(3 ·ϕ − 2Hϕ) + 6 ··ϕ − 4ϕ2
,i = ρ̄m(1 + δm)(1 − 2ϕ + 2a2v2)

·δN + ∂i [(1 + δN)vi
N] = 0

·θN + 2HθN + ∂i(vi
N∂jv

j
N) +

3
2

H2δN = 0

δm = δN + δR

vi = vi
N + vi

R



Which can be solved using SPT

Poisson gauge

relativistic
newtonian

·δR + θR = − ∫ d3keik⋅xδD(k − k12)α(k1, k2)(θR(k1)δN(k2) + θN(k1)δR(k2)) + 𝒮δ[ϕN, δN, θN]

·θR + 2HθR +
3
2

H2δR = − 2∫ d3keik⋅xδD(k − k12)β(k1, k2)θN(k1)θR(k2) + 𝒮θ[ϕN, δN, θN]

α(k1, k2) =
k12 ⋅ k1

k2
1

β(k1, k2) =
k2

12(k1 ⋅ k2)
2k2

1k2
2

k12 = k1 + k2

··δR + 2H ·δR −
3
2

H2δR = S

A. Fitzpatrick, L. Senatore, M. Zaldarriaga arXiv: 0902.2814

We need to consider initial conditions, up to second order, calculated in 
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Kernels in Poisson gauge



FR
4 (k1,k2,k3,k4) =

1

36

✓
36

F4(k1,k2,k3,k4)

k2
1234

+ F2(k1,k2)G2(k3,k4)


�33

k12 · k34

k2
12k

2
34

� 27

k2
12

�

+F2(k1,k2)F2(k3,k4)


�18

k12 · k34

k2
12k

2
34

� 105

k2
12

�
+ 33G2(k1,k2)G2(k3,k4)

k12 · k34

k2
12k

2
34

+F3(k1,k2,k3)


�99

k123 · k4

k2
123k

2
4

� 180

k2
123

� 63

k2
4

�
+G3(k1,k2,k3)


105

k123 · k4

k2
123k

2
4

+
21

k2
4

�

+14↵(k12,k34)
⇥
GR

2 (k1,k2)F2(k3,k4) +G2(k1,k2)F
R
2 (k3,k4)

⇤

+GR
3 (k1,k2,k3) [14↵(k123,k4) + 8�(k123,k4)]

+8GR
2 (k1,k2)G2(k3,k4)�(k12,k34) + 14FR

3 (k1,k2,k3)↵(k4,k123)

+F2(k3,k4)

⇢
k1 · k2

k2
1k

2
2

[75 + 12↵(k34,k12)] +
k1 · k34

k2
1k

2
34

[42� 12↵(k2,k134)]

�

+G2(k3,k4)

⇢
k1 · k2

k2
1k

2
2

[�7↵(k34,k12)] +
k1 · k34

k2
1k

2
34

[33 + 15↵(k2,k134)]

+
k2 · k34

k2
2k

2
34

[75 + 3↵(k1,k234)]

�◆
.

<latexit sha1_base64="U1WBjtrv+5iZuq+RLMG0JgQzm54="></latexit><latexit sha1_base64="U1WBjtrv+5iZuq+RLMG0JgQzm54="></latexit><latexit sha1_base64="U1WBjtrv+5iZuq+RLMG0JgQzm54="></latexit><latexit sha1_base64="U1WBjtrv+5iZuq+RLMG0JgQzm54="></latexit>

Kernels in Poisson gauge
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Newtonian contribution

Relativistic contribution

One loop power spectrum
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h�(k1, t)�(k2, t)�(k3, t)i = (2⇡)3�D(k1 + k2 + k3)B(k1, k2, k3, t)
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Newtonian tree level
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Relativistic corrections to the tree level
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One loop bispectrum
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Renormalization of the background

IR behavior

UV behavior

This is true in newtonian approach but not realized in the relativistic case

h�mi = 0 , h✓i = 0 , h�i = 0
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It modifies the Hubble parameter H(t) by O(10�5)
<latexit sha1_base64="K5hyiVj0FHaEEPij+2rMwTh0C5U=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIdWFJpKLLght3VrAPaGOZTCft0MkkzEyEEgL+ihsXirj1O9z5N07aLrR6YOBwzr3cM8ePOVPacb6swtLyyupacb20sbm1vWPv7rVUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07Y+vcr/9QKVikbjTk5h6IR4KFjCCtZH69kEvxHpEME9vsorr3Ken59lJqW+XnaozBfpL3DkpwxyNvv3ZG0QkCanQhGOluq4Tay/FUjPCaVbqJYrGmIzxkHYNFTikykun8TN0bJQBCiJpntBoqv7cSHGo1CT0zWQeVi16ufif1010cOmlTMSJpoLMDgUJRzpCeRdowCQlmk8MwUQykxWREZaYaNNYXoK7+OW/pHVWdZ2qe1sr12vzOopwCEdQARcuoA7X0IAmEEjhCV7g1Xq0nq036302WrDmO/vwC9bHN1w0lGA=</latexit><latexit sha1_base64="K5hyiVj0FHaEEPij+2rMwTh0C5U=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIdWFJpKLLght3VrAPaGOZTCft0MkkzEyEEgL+ihsXirj1O9z5N07aLrR6YOBwzr3cM8ePOVPacb6swtLyyupacb20sbm1vWPv7rVUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07Y+vcr/9QKVikbjTk5h6IR4KFjCCtZH69kEvxHpEME9vsorr3Ken59lJqW+XnaozBfpL3DkpwxyNvv3ZG0QkCanQhGOluq4Tay/FUjPCaVbqJYrGmIzxkHYNFTikykun8TN0bJQBCiJpntBoqv7cSHGo1CT0zWQeVi16ufif1010cOmlTMSJpoLMDgUJRzpCeRdowCQlmk8MwUQykxWREZaYaNNYXoK7+OW/pHVWdZ2qe1sr12vzOopwCEdQARcuoA7X0IAmEEjhCV7g1Xq0nq036302WrDmO/vwC9bHN1w0lGA=</latexit><latexit sha1_base64="K5hyiVj0FHaEEPij+2rMwTh0C5U=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIdWFJpKLLght3VrAPaGOZTCft0MkkzEyEEgL+ihsXirj1O9z5N07aLrR6YOBwzr3cM8ePOVPacb6swtLyyupacb20sbm1vWPv7rVUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07Y+vcr/9QKVikbjTk5h6IR4KFjCCtZH69kEvxHpEME9vsorr3Ken59lJqW+XnaozBfpL3DkpwxyNvv3ZG0QkCanQhGOluq4Tay/FUjPCaVbqJYrGmIzxkHYNFTikykun8TN0bJQBCiJpntBoqv7cSHGo1CT0zWQeVi16ufif1010cOmlTMSJpoLMDgUJRzpCeRdowCQlmk8MwUQykxWREZaYaNNYXoK7+OW/pHVWdZ2qe1sr12vzOopwCEdQARcuoA7X0IAmEEjhCV7g1Xq0nq036302WrDmO/vwC9bHN1w0lGA=</latexit><latexit sha1_base64="K5hyiVj0FHaEEPij+2rMwTh0C5U=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIdWFJpKLLght3VrAPaGOZTCft0MkkzEyEEgL+ihsXirj1O9z5N07aLrR6YOBwzr3cM8ePOVPacb6swtLyyupacb20sbm1vWPv7rVUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07Y+vcr/9QKVikbjTk5h6IR4KFjCCtZH69kEvxHpEME9vsorr3Ken59lJqW+XnaozBfpL3DkpwxyNvv3ZG0QkCanQhGOluq4Tay/FUjPCaVbqJYrGmIzxkHYNFTikykun8TN0bJQBCiJpntBoqv7cSHGo1CT0zWQeVi16ufif1010cOmlTMSJpoLMDgUJRzpCeRdowCQlmk8MwUQykxWREZaYaNNYXoK7+OW/pHVWdZ2qe1sr12vzOopwCEdQARcuoA7X0IAmEEjhCV7g1Xq0nq036302WrDmO/vwC9bHN1w0lGA=</latexit>

Loop integrals can depend on the IR cutoff chosen

In newtonian case, the divergences cancel each other, not for relativistic corrections

Actual observations have a limited resolution  

              All averages are taken with resolution of the largest scale measured)
<latexit sha1_base64="+OvmREpobG1jAj1Nl9dKbWtrNmE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gOaUDbbbbt0sxt2J0oJ/RtePCji1T/jzX9j0uagrQ8GHu/NMDMvjKWw6LrfTmltfWNzq7xd2dnd2z+oHh61rU4M4y2mpTbdkFouheItFCh5NzacRqHknXByk/udR26s0OoBpzEPIjpSYigYxUzy/XsxGiM1Rj9V+tWaW3fnIKvEK0gNCjT71S9/oFkScYVMUmt7nhtjkFKDgkk+q/iJ5TFlEzrivYwqGnEbpPObZ+QsUwZkqE1WCslc/T2R0sjaaRRmnRHFsV32cvE/r5fg8DpIhYoT5IotFg0TSVCTPAAyEIYzlNOMUGZEdithY2oowyymPARv+eVV0r6oe27du7usNS6LOMpwAqdwDh5cQQNuoQktYBDDM7zCm5M4L86787FoLTnFzDH8gfP5A8WKkXM=</latexit><latexit sha1_base64="+OvmREpobG1jAj1Nl9dKbWtrNmE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gOaUDbbbbt0sxt2J0oJ/RtePCji1T/jzX9j0uagrQ8GHu/NMDMvjKWw6LrfTmltfWNzq7xd2dnd2z+oHh61rU4M4y2mpTbdkFouheItFCh5NzacRqHknXByk/udR26s0OoBpzEPIjpSYigYxUzy/XsxGiM1Rj9V+tWaW3fnIKvEK0gNCjT71S9/oFkScYVMUmt7nhtjkFKDgkk+q/iJ5TFlEzrivYwqGnEbpPObZ+QsUwZkqE1WCslc/T2R0sjaaRRmnRHFsV32cvE/r5fg8DpIhYoT5IotFg0TSVCTPAAyEIYzlNOMUGZEdithY2oowyymPARv+eVV0r6oe27du7usNS6LOMpwAqdwDh5cQQNuoQktYBDDM7zCm5M4L86787FoLTnFzDH8gfP5A8WKkXM=</latexit><latexit sha1_base64="+OvmREpobG1jAj1Nl9dKbWtrNmE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gOaUDbbbbt0sxt2J0oJ/RtePCji1T/jzX9j0uagrQ8GHu/NMDMvjKWw6LrfTmltfWNzq7xd2dnd2z+oHh61rU4M4y2mpTbdkFouheItFCh5NzacRqHknXByk/udR26s0OoBpzEPIjpSYigYxUzy/XsxGiM1Rj9V+tWaW3fnIKvEK0gNCjT71S9/oFkScYVMUmt7nhtjkFKDgkk+q/iJ5TFlEzrivYwqGnEbpPObZ+QsUwZkqE1WCslc/T2R0sjaaRRmnRHFsV32cvE/r5fg8DpIhYoT5IotFg0TSVCTPAAyEIYzlNOMUGZEdithY2oowyymPARv+eVV0r6oe27du7usNS6LOMpwAqdwDh5cQQNuoQktYBDDM7zCm5M4L86787FoLTnFzDH8gfP5A8WKkXM=</latexit><latexit sha1_base64="+OvmREpobG1jAj1Nl9dKbWtrNmE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gOaUDbbbbt0sxt2J0oJ/RtePCji1T/jzX9j0uagrQ8GHu/NMDMvjKWw6LrfTmltfWNzq7xd2dnd2z+oHh61rU4M4y2mpTbdkFouheItFCh5NzacRqHknXByk/udR26s0OoBpzEPIjpSYigYxUzy/XsxGiM1Rj9V+tWaW3fnIKvEK0gNCjT71S9/oFkScYVMUmt7nhtjkFKDgkk+q/iJ5TFlEzrivYwqGnEbpPObZ+QsUwZkqE1WCslc/T2R0sjaaRRmnRHFsV32cvE/r5fg8DpIhYoT5IotFg0TSVCTPAAyEIYzlNOMUGZEdithY2oowyymPARv+eVV0r6oe27du7usNS6LOMpwAqdwDh5cQQNuoQktYBDDM7zCm5M4L86787FoLTnFzDH8gfP5A8WKkXM=</latexit>

But the effect is weak

Fluid approach breaks at very small scales: shell-crossing 

)
<latexit sha1_base64="+OvmREpobG1jAj1Nl9dKbWtrNmE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gOaUDbbbbt0sxt2J0oJ/RtePCji1T/jzX9j0uagrQ8GHu/NMDMvjKWw6LrfTmltfWNzq7xd2dnd2z+oHh61rU4M4y2mpTbdkFouheItFCh5NzacRqHknXByk/udR26s0OoBpzEPIjpSYigYxUzy/XsxGiM1Rj9V+tWaW3fnIKvEK0gNCjT71S9/oFkScYVMUmt7nhtjkFKDgkk+q/iJ5TFlEzrivYwqGnEbpPObZ+QsUwZkqE1WCslc/T2R0sjaaRRmnRHFsV32cvE/r5fg8DpIhYoT5IotFg0TSVCTPAAyEIYzlNOMUGZEdithY2oowyymPARv+eVV0r6oe27du7usNS6LOMpwAqdwDh5cQQNuoQktYBDDM7zCm5M4L86787FoLTnFzDH8gfP5A8WKkXM=</latexit><latexit sha1_base64="+OvmREpobG1jAj1Nl9dKbWtrNmE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gOaUDbbbbt0sxt2J0oJ/RtePCji1T/jzX9j0uagrQ8GHu/NMDMvjKWw6LrfTmltfWNzq7xd2dnd2z+oHh61rU4M4y2mpTbdkFouheItFCh5NzacRqHknXByk/udR26s0OoBpzEPIjpSYigYxUzy/XsxGiM1Rj9V+tWaW3fnIKvEK0gNCjT71S9/oFkScYVMUmt7nhtjkFKDgkk+q/iJ5TFlEzrivYwqGnEbpPObZ+QsUwZkqE1WCslc/T2R0sjaaRRmnRHFsV32cvE/r5fg8DpIhYoT5IotFg0TSVCTPAAyEIYzlNOMUGZEdithY2oowyymPARv+eVV0r6oe27du7usNS6LOMpwAqdwDh5cQQNuoQktYBDDM7zCm5M4L86787FoLTnFzDH8gfP5A8WKkXM=</latexit><latexit sha1_base64="+OvmREpobG1jAj1Nl9dKbWtrNmE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gOaUDbbbbt0sxt2J0oJ/RtePCji1T/jzX9j0uagrQ8GHu/NMDMvjKWw6LrfTmltfWNzq7xd2dnd2z+oHh61rU4M4y2mpTbdkFouheItFCh5NzacRqHknXByk/udR26s0OoBpzEPIjpSYigYxUzy/XsxGiM1Rj9V+tWaW3fnIKvEK0gNCjT71S9/oFkScYVMUmt7nhtjkFKDgkk+q/iJ5TFlEzrivYwqGnEbpPObZ+QsUwZkqE1WCslc/T2R0sjaaRRmnRHFsV32cvE/r5fg8DpIhYoT5IotFg0TSVCTPAAyEIYzlNOMUGZEdithY2oowyymPARv+eVV0r6oe27du7usNS6LOMpwAqdwDh5cQQNuoQktYBDDM7zCm5M4L86787FoLTnFzDH8gfP5A8WKkXM=</latexit><latexit sha1_base64="+OvmREpobG1jAj1Nl9dKbWtrNmE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gOaUDbbbbt0sxt2J0oJ/RtePCji1T/jzX9j0uagrQ8GHu/NMDMvjKWw6LrfTmltfWNzq7xd2dnd2z+oHh61rU4M4y2mpTbdkFouheItFCh5NzacRqHknXByk/udR26s0OoBpzEPIjpSYigYxUzy/XsxGiM1Rj9V+tWaW3fnIKvEK0gNCjT71S9/oFkScYVMUmt7nhtjkFKDgkk+q/iJ5TFlEzrivYwqGnEbpPObZ+QsUwZkqE1WCslc/T2R0sjaaRRmnRHFsV32cvE/r5fg8DpIhYoT5IotFg0TSVCTPAAyEIYzlNOMUGZEdithY2oowyymPARv+eVV0r6oe27du7usNS6LOMpwAqdwDh5cQQNuoQktYBDDM7zCm5M4L86787FoLTnFzDH8gfP5A8WKkXM=</latexit> additional physics as an effective fluid which produce counterterms to renormalize this cutoff
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